Information Geometry (2019) 2:283-312
https://doi.org/10.1007/s41884-019-00024-z

RESEARCH PAPER

®

Check for
updates

A class of non-parametric statistical manifolds modelled on
Sobolev space

Nigel J. Newton'

Received: 13 December 2018 / Revised: 31 October 2019 / Published online: 25 November 2019
© The Author(s) 2019

Abstract

We construct a family of non-parametric (infinite-dimensional) manifolds of finite
measures on R?, each containing a smoothly embedded submanifold of probabil-
ity measures. The manifolds are modelled on a variety of weighted Sobolev spaces,
including Hilbert—Sobolev spaces and mixed-norm spaces, and support the Fisher—-Rao
metric as a weak Riemannian metric. Densities are expressed in terms of a deformed
exponential function having linear growth. Unusually for the Sobolev context, and as a
consequence of its linear growth, this “lifts” to a nonlinear superposition (Nemytskii)
operator that acts continuously on a particular class of mixed-norm model spaces, and
on the fixed norm space W2 1; i.e. it maps each of these spaces continuously into itself.
In contrast with non-parametric exponential manifolds, the density itself belongs to
the model space, and the range of the chart is the whole of this space. Some of the
results make essential use of a log-Sobolev embedding theorem, which also sharpens
existing results concerning the regularity of statistical divergences on the manifolds.
Applications to the stochastic partial differential equations of nonlinear filtering (and
hence to the Fokker—Planck equation) are outlined.

Keywords Banach manifold - Fisher—Rao metric - Fokker—Planck equation -
Log-Sobolev Embedding - Non-parametric statistics - Sobolev space
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1 Introduction

This paper constructs variants of the statistical manifolds of [25,27], for which the
sample space X is R?. The model spaces used incorporate spatial derivatives of density
functions, and thereby subsume both sample space and information topologies. Apart
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from applications, such as the Fokker—Planck equation, this construction sharpens
some of the results in [25,27] concerning the regularity of statistical divergences; this
is consequence of log-Sobolev embedding.

Beginning with Rao’s observation that the Fisher information can be interpreted
as a Riemannian metric [32], information geometry has exploited the formalism of
smooth manifold theory in problems of statistical estimation. The finite-dimensional
(parametric) theory is now mature, and is treated pedagogically in [1,2,6,12,22]. The
archetypal example is the finite-dimensional exponential model, which is based on a
finite set of real-valued random variables defined on an underlying probability space
(X, X, u). Affine combinations of these are exponentiated to yield probability den-
sity functions with respect to the reference measure w. This construction induces an
“information” topology on the resulting set of probability measures, that is compatible
with the statistical divergences of estimation theory, derivatives of which can be used
to define the Fisher—Rao metric and other geometric objects.

The first fully successful extension of these ideas to the non-parametric setting
appeared in [31], and was further developed in [10,16,30]. These papers follow the
formalism of the exponential model by using the log of the density as a chart. This
approach requires a model space with a strong topology: the exponential Orlicz
space. Amari’s a-divergences (for « € [—1, 1]) are of class C*° on the exponen-
tial Orlicz manifold. In [20], the exponential function is replaced by the so-called
q-deformed exponential, which has an important interpretation in statistical mechan-
ics. (See chapter 7 in [23].) The model space used is L>°(u). A more general class
of deformed exponentials is used in [35] to construct families of probability mea-
sures dubbed ¢-families, in which the model spaces are Musielak—Orlicz spaces. A
deformed exponential function having linear growth is used in [25,27] to construct
statistical manifolds modelled on the Lebesgue L* (i) spaces, including the Hilbert
space Lz(u).

Many of these references take the classical differential geometric approach of con-
structing the tangent space at each point, P, in a set of measures, and then building
towards a global geometry. With this approach it is natural to use local charts with
model spaces defined with respect to P [eg. the exponential Orlicz space L (P)].
However, the global geometry contains no surprises—each connected component of
these manifolds is covered by a single chart.

A notion of central importance is that of a sufficient statistic, and so divergences
that are invariant in this sense are of particular interest. These include Csiszar’s f-
divergences, of which Amari’s a-divergences are special cases. Any geometric objects
(such as a Riemannian metric), defined through derivatives of invariant divergences,
clearly retain this property. The question naturally arises whether or not these objects
are uniquely determined by this property. The uniqueness of the Fisher—Rao metric
under sufficient statistics was established for parametric manifolds by Chentsov [11],
and more recently for a large class of non-parametric manifolds in [4,5]. Rather than
constructing specific statistical manifolds, the latter references consider a parametrised
statistical model to be a generic Banach manifold on which is defined a continuous
map into a set of finite measures, having suitable properties. This approach admits
manifolds in which the measures do not necessarily have the same null sets [5].
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One of the most important statistical divergences is the Kullback—Leibler (KL)
divergence (which corresponds to « = —1). For probability measures P and Q having
densities p and g with respect to pu, this is defined as follows:

D(P|Q) = / plog(p/q)du. 1)

The KL divergence can be given the bilinear representation (p, log p —log ¢), in which
probability densities and their logs take values in dual function spaces [for example,
the Lebesgue spaces L* (1) and L*/*~1 (11)]. Loosely speaking, in order for D to be
smooth, the charts of any non-parametric manifold must “control” both the density
p and its log, and this provides one explanation of the need for strong topologies
in the model spaces of non-parametric exponential models. (They have to control
the density through the exponential function.) This observation led in [25,27] to the
introduction of a “balanced chart” (the sum of the density and its log), that directly
controls both, thereby enabling the use of model spaces with weaker topologies—the
Lebesgue L* () spaces, including the Hilbert case A = 2. The Amari a-divergences
then exhibit increasing degrees of smoothness with increasing A.

None of the non-parametric manifolds discussed above makes reference to any
topology that the underlying sample space X may possess. Statistical divergences mea-
sure dependency between abstract random variables (those taking values in measurable
spaces). Nevertheless, topologies, metrics and linear structures on X play important
roles in many applications. For example, the Fokker—Planck and Boltzmann equations
both quantify the evolution of probability density functions on R, making direct ref-
erence to the latter’s topology through differential operators. A natural direction for
research in non-parametric information geometry is to adapt the manifolds outlined
above to such problems by incorporating the topology of the sample space in the model
space, and one way of achieving this is to use model spaces of Sobolev type. This is
carried out in the context of the exponential Orlicz manifold in [19], where it is applied
to the spatially homogeneous Boltzmann equation. Manifolds modelled on the Banach
spaces C ,’; (B; R), where B is an open subset of an underlying (Banach) sample space,
are developed in [29], and manifolds modelled on Fréchet spaces of smooth densities
are developed in [7,9,29]. In this context, the Fisher—Rao metric is shown in [7] to be
the unique metric that is invariant under the action of the diffeomorphism group.

The aim of this paper is to develop Sobolev variants of the Lebesgue L* (1) man-
ifolds of [25,27] when the sample space X is RY. We construct, as a special case, a
class of Hilbert—Sobolev manifolds. In developing these, the author was motivated by
applications in nonlinear filtering. The equations of nonlinear filtering for diffusion
processes generalise the Fokker—Planck equation by adding a term that accounts for
partial observations of the diffusion. Let (X;, Yy, > 0) be a d + 1-vector Markov
diffusion process defined on a probability space (§2, F, P), and satisfying the Itd
stochastic differential equation

X | _ | f(XD) g(X) 0
d|:Yt’:|_|:h(X:)]dt+|: Of 1}1%, 2)
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where Yo = 0, (V;,t > 0) is a d + 1-vector standard Brownian motion, independent
of Xp,and f : R? - R? g : R4 — R¥*? and h : R? — R are suitably regular func-
tions. The nonlinear filter for X computes, at each time ¢, the conditional probability
distribution of X; given the history of the observations process (Y;,0 < s < t). Since
X and Y are jointly Markov the nonlinear filter can be expressed in a time-recursive
manner. Under suitable technical conditions, the observation-conditional distribution
of X, admits a density, p;, (with respect to Lebesgue measure) satisfying the Kushner
Stratonovich stochastic partial differential equation [14]

dpi = Api dt + pi(h — h))d(Y, — hydr), 3)

where A is the Kolmogorov forward (Fokker—Planck) operator for X, and hy is the
(Ys, 0 < s < t)-conditional mean of h(X;).

The exponential Orlicz manifold was proposed as an ambient manifold for par-
tial differential equations of this type in [8] (and the earlier references therein), and
methods of projection onto submanifolds were developed. Applications of the Hilbert
manifold of [25] to nonlinear filtering were developed in [26,28], and information-
theoretic properties were investigated.

It was argued in [27,28] that statistical divergences such as the KL divergence are
natural measures of error for approximations to Bayesian conditional distributions
such as those of nonlinear filtering. This is particularly so when the approximation
constructed is used to estimate a number statistics of the process X, or when the
dynamics of (X, Y) are significantly nonlinear. We summarise these ideas here since
they motivate the developments that follow; details can be found in [28]. If our purpose
is to estimate a single real-valued variate v(X;) € LZ(M), then the estimate with the
minimum mean-square error is the conditional mean v; := E,v = E(v(X,)|(¥,,0 <
s <)), where E is expectation with respect to [P, and I7; is the conditional distribution
of X;. If the estimate is based on a (Y5, 0 < s < t)-measurable approximation to IT;,
I1;, then the mean-square error admits the orthogonal decomposition

E (v(x,) —Eﬁ,v)2 :EEH,(U—E,)2+E<@ —Eﬁtv)z. ()

The first term on the right-hand side here is the statistical error, and is associated
with the limitations of the observation Y; the second term is the approximation error
resulting from the use of I1, instead of IT,. When comparing different approximations,
it is appropriate to measure the second term relative to the first; if v is a poor estimate
of v(X;) then there is no point in approximating it with great accuracy. Maximising
these relative errors over all square-integrable variates leads to the (extreme) multi-
objective measure of mean-square approximation errors Dy (ﬁt |I1;), where

2
1 Epv—Epv
Dro(0lP) = b sup Eov=Erv)

1
= —|ldQ/dP — 1|? )
2UEL2(P) EP(U_EPU)2 2 /

LX(P)’

Do is Pearson’s x2-divergence. Although extreme, it illustrates an important feature
of multi-objective measures of error—they require probabilities of events that are small
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to be approximated with greater absolute accuracy than those that are large. A less
extreme multi-objective measure of mean-square errors is developed in [28]. This
constrains the functions v of (5) to have exponential moments. The resulting measure
of errors is shown to be of class C! on the Hilbert manifold of [25], and so has this
same property on the manifolds developed here. See [28] for further discussion of
these ideas.

The paper is structured as follows: Sect. 2 provides the technical background in
mixed-norm weighted Sobolev spaces, where the L* spaces are based on a probability
measure. Section 3 constructs (M, G, ¢), amanifold of finite measures modelled on the
general Sobolev space of Sect. 2. It outlines the properties of mixture and exponential
representations of measures on the manifold, as well as those of the KL divergence.
In doing so, it defines the Fisher—Rao metric and Amari—Chentsov tensor. Section 4.1
shows that a particular choice of mixed-norm Sobolev space is especially suited to the
manifold in the sense that the density (and log-density) of any P € M also belong to
the model space, and the associated nonlinear superposition operator is continuous—a
rare property in the Sobolev context [34]. Section 4.2 shows that this property does
not hold for fixed norm spaces, except in the special case G = W !. It also develops
a general class of fixed norm spaces, for which the continuity property can be retained
if the Lebesgue exponent in the range space is suitably reduced. Section 5 develops
an embedded submanifold of probability measures (Mo, Go, ¢o), in which the charts
are centred versions of ¢. Section 6 outlines applications to the problem of nonlinear
filtering for a diffusion process. Section 7 makes some concluding remarks, discussing,
in particular, a variant of the results that uses the Kaniadakis deformed logarithm as a
chart.

2 The model spaces

For some ¢ € (0, 2], let 6; : [0, o0) — [0, 0c0) be a strictly increasing function that is
twice continuously differentiable on (0, 00), such that lim_ o 6/(z) < oo, and

0 ifz=0
a+7 ifz>z

0:(2) = { }, where z; > 0, and ¢; € R. (6)

If t € (1,2] then we also require 6; and —+/0; to be convex.

Example 1 (i) Simple: t € [1,2]and z; = ¢; = 0.
(ii) Smooth: ¢ € (0,2],z; =2 —1,¢; = oy (1 — cos(Brz/)) — 2z, and

0:(z) = o, (1 — cos(Brz)), forz € [0, z]. @)
Here, B;z; is the unique solution in the interval (0, 7) of the equation
(t = Dtan(Brzs) = Brzs, 3

and o;B; sin(Brz;) = tszl. (Ift+ = 1 then B; = Brz; = m/2.) The compound
function R 5 z — 6,(]z|) € R is then of class Cc2.
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For some d € N (= {1, 2,...}), let X be the o-algebra of Lebesgue measurable
subsets of R?; let 11; be the following probability measure on X:

me(dx) = r(x) dx == exp(l;(x))dx, where [;(x) := 3 ,(C; — 0 (|xi[)), (9)

and C; € Ris such thatfexp(C, —6;(|z]))dz = 1. In what follows, we shall suppress
the parameter ¢, and so /;, r; and pu; will become [, r and w, etc. u is mutually absolutely
continuous with respect to Lebesgue measure.

Forany 1 < A < oo, let L}‘(u) be the Banach space of (equivalence classes of)
measurable functions u : RY — R for which Nl gy == (f lul*du)'/* < oo. Let
C*®(R?; R) be the space of continuous functions with continuous partial derivatives
of all orders, and let C° (R?; R) be the subspace of those functions having compact
support.

Fork € N, let S := {0, ..., k}d be the set of d-tuples of integers in the range
0 <s; <k.Fors € S, we define |s| = Zi si, and denote by O the d-tuple for
which |s| = 0. Forany 0 < j <k, §; :={s € §:j < [|s] < k} is the set
of d-tuples of weight at least j and at most k. Let A = (Ao, A1, ..., Ak), Where
1 <A < Ag—p < -++ < Ao < 00, and let Wk’A(/,L) be the mixed-norm, weighted
Sobolev space comprising functions a € L*0(u) that have weak partial derivatives
Dfa € L*sI(w), forall s € 1. Fora € W54 (1) we define

1/x0

L s o
lallwrag = XS: ID%als, < 0. (10)
SES

The following theorem is a variant of a standard result in the theory of fixed-norm,
unweighted Sobolev spaces.

Theorem 1 The space (WK (w), || - || wh.A(u)) is a Banach space.

Proof That || - ||y () satisfies the axioms of a norm is easily verified. Suppose

that (a, € WE4(w)) is a Cauchy sequence in this norm; then, since the spaces
L% (i), 0 < j < k are all complete, there exist functions vy € L*sI(11), s € So such
that D*a,, — v in L*sI (). For any s € Sp, and any ¢ € CS"(Rd; R),

‘/(Dsan —vs)pdx

S/IDsan—vsllwIdx

=/ww—wwwmww

sup  (lpl/rY D ay — vl 1 — 0, (11)
xesupp(gp)

IA

and so
/wdx =1im/DSa,,¢dx = (—l)mlim/anDs(pdx = (—1)'~Y'/UODS¢dx,
n n
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vo admits weak derivatives up to order k, and Dvy = wv;. So WhkA () is
complete. O

The following developments show that functions in W4 (1) can be approximated
by particular functions in C ®(R?; R) or Cy° (R?; R). For any z € (0, 00), let B; :=
{(x e R : x| <z).LetJ € Cgo(Rd; [0, o0)) be a function having the following
properties: (i) supp(J) = By; (ii) f Jdx = 1.Forany 0 < € < 1, let Jc(x) :=
e~ J(x/€); then J, also has unit integral, but is supported on B,. Since / is bounded
on bounded sets, any u € Ll(u) is also in LllOC (dx), and we can define the mollified
version Je % u € C®(R?; R) as follows:

(e 5 10)(x) 1= / Je(x — yu(y) dy. (12)

Forany m € N, letU,, C L'(w) comprise those functions that take the value zero on
the complement of B,,. If u € U, then J. xu € C(?O(Bm+1; R).

Lemma1 (i) Forany A € [1,00), m € N and any u € U,, N L*(), there exists an
0 < € < 1 such that

e % u — ull 1y < 1/m. (13)

(i) Foranya € WEA(L), 0 <e < lands € Sy, D°(Je xa) = Je % (D*a).

Proof 1t follows from Jensen’s inequality that, for any A € [1, 00),

|(Je % ) () [* < (Je % [u*)(x) = f Je(x — W r ()~ u(dy).

Since [ is uniformly continuous on B4, there exists a 0 < ¢y, < 1 such that
[(x) —I(y)| < Alog2forall y € By, |x —y| < ap. So, forany 0 < € < ay,

el = [ [ 9= 9O exp — 1) u@ndx
<2 [ [ s - ) Pady) = el (14)

It is a standard result that there exists a ¢ € C{°(Bam; R) such that [ju — el <
1/6m, which together with (14) shows that, for any 0 < € < oy, ||Je x u — Je *
@llruy < 1/3m. Furthermore,

(e % 9)(X) — o(0)] sffax—y)w(y)—go(xndy < swp lp(y) — ().

lx—y|<e

Since ¢ is uniformly continuous, there exists a0 < f, < 1 such that, forany 0 < € <
By and all x, |(Je x @) (x) —@(x)| < 1/3m. We can now choose 0 < € < min{oy,, Bu},
which completes the proof of part (i).
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For a and s as in part (ii), and any ¢ € Cgo(Rd; R),

/(Je *a)(x)D’(x)dx = //Je(y)a(x =) dyD’p(x)dx
= //a(x —D'p(x)dxJe(y)dy
= (=¥ / / D’a(x = y)p(x) dxJe(y) dy
= D! [ Uex Daet dx
where we have used integration by parts |s| times in the third step. This completes the

proof of part (ii). O

For ease of notation in what follows, we shall abbreviate J¢ * u to Ju, where it is
understood that € has been chosen as in part (i). This can clearly be achieved uniformly
across any finite subset of U,,, including sets of functions together with their weak
derivatives up to order k.

For any a € Wk’A(/L) and m € N, let a,,(x) := a(x)p(x/m), where p €
C§°(RY; R) is such that

p(x)=1if|x] <1/2 and p(x) =0 if [x| > 1. (15)

Lemma2 Ja,, — ain Wk’A(,bL), and so C(‘)’O(Rd; R) is dense in Wk’A(,u).

Proof Since Sy is finite we may choose € > 0 such that (13) is satisfied for all
u = D*a, withs € So and & = A According to the Leibniz rule,

s _ —|s—o]| s— N
D'ay =Y mP=ID%aD*p [] ((,i), (16)

o<s 1<i<d

and so |D*ay| < K'Y, |D%al € LMs1(w). Since D%a,, — D*a for all x, it follows
from the dominated convergence theorem that it also converges in L*1 (11). Lemma 1
completes the proof. O

Remark 1 If A; = 2 for 0 < j < k then H*(n) := WkA(w) is a Hilbert Sobolev
space with inner product

(@ D) iy = Y (D’a, D*b)ps . (17)

s€SH

3 The manifolds of finite measures

In this section, we construct manifolds of finite measures on (Rd , X) modelled on the
Sobolev spaces of Sect. 2. The charts of the manifolds are based on the “deformed
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logarithm” log,; : (0, 00) — R, defined by

log,y =y —1+logy. (18)

Now infy log; y = —o0, sup, log,; y = +00,andlog, € C*°((0, 00); R) with strictly
positive first derivative 1 + y~!, and so, according to the inverse function theorem,
log, is a diffeomorphism from (0, oo) onto R. Let ¥ be its inverse. This can be thought
of as a “deformed exponential” function [23]. We use 1/f(”) to denote its nth derivative

and, for convenience, set w(o) =Y.

Lemma3 (i) Foranyn € N:

n—1
A+ )y = y@=h - %Z(’})WW—”; (19)
j=1

in particular YV = /(1 +¢) > 0and @ = /(1 + ) > 0, and so ¥ is
strictly increasing and convex.
(ii) Foranyn > 2,

n) _ anz(l/f) (1)
V= e <0

where Q,_» is a polynomial of degree no more than n — 2. In particular, ™,
¥ fyr and @ jy D are all bounded.

Proof That D and v @ are as stated is verified by a straightforward computation.
Both (19) and (20) then follow by induction arguments. O

Let G := W54 (1) be the general mixed-norm space of Sect. 2, and let M be the
set of finite measures on (R?, X) satisfying the following:

(M1) P is mutually absolutely continuous with respect to Lebesgue measure;
(M2) log, p =log,;(dP/dun) € G;

(We denote measures in M by the upper-case letters P, O, .. ., and their densities with
respect to 1 by the corresponding lower case letters, p, ¢, . . .). In order to control both
the density p and its log, we employ the “balanced” chart of [25,27], ¢ : M — G.
This is defined by:

¢(P) =logg p=p—1+logp. 2h
Proposition 1 ¢ is a bijection onto G.

Proof 1t follows from (M2) that, for any P € M, ¢(P) € G. Suppose, conversely,
thata € G; then since ¢! is bounded, ¥ (a) € L' (), and so defines a finite measure
P(dx) = ¥ (a(x))u(dx). Since  is strictly positive, P satisfies (M1); that it also
satisfies (M2) follows from the fact that log; ¥ (a) = a € G. We have thus shown that
P € M and clearly ¢ (P) = a. O
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The inverse map ¢! : G — M takes the form
P(dx) = ¢~ " (@) = Y (a(x)u(dx). (22)

In [25,27], tangent vectors were defined as equivalence classes of differentiable curves
passing through a given base point, and having the same first derivative at this point.
Here, we use a different (but equivalent) definition, which is closer to that of member-
ship of M. Forany P € M, let P,(dx) := ¥V (a(x))u(dx), where a = ¢(P). (P, is
mutually absolutely continuous with respect to  since ¥V is strictly positive.) We
define a tangent vector U at P to be a signed measure on (R?, X) that is absolutely
continuous with respect to P,, with Radon-Nikodym derivative dU /d P, € G. (This
definition is sound since, for every u € G, U(dx) := u(x) P, (dx) defines such a
measure.) The tangent space, Tp M, is the linear space comprising all such measures,
and the tangent bundle is the disjoint union T M := Upcp (P, Tp M). This is globally
trivialised by the chart @ : TM — G x G, where

®(P,U) = (¢(P),dU/dI3a). (23)

The derivative of a (Fréchet) differentiable, Banach-space-valued map f : M — Y
(at P and in the “direction” U) is defined in the obvious way:

A
Uf:(foqs )a u, where (a,u) = ®(P, U). (24)

Clearly u = U¢. We shall also need a weaker notion of differentiability due to
Leslie [17,18]. Let A : G — Y be a continuous linear map and, for fixeda = ¢ (P) €
G,let R : R x G — Y be defined by

“1(fop] — foo! _ :
R(M):{g (fog¢~la+yw) = fogp™ (@) — Au Rig

If R is continuous at (0, u) for all u € G, then we say that f is Leslie differentiable at
P, with derivative

Uf:d(foqb_l)au — Au. (25)

If f is Leslie differentiable at all P € M then we say that it is Leslie differentiable.
This is a slightly stronger property than the “d-differentiability” used in [25,27], which
essentially demands continuity of R in the first argument only. Leslie differentiability
lies between Fréchet differentiability and Gateaux differentiability. (The latter does
not require the existence of the continuous linear map A.)

The construction above defines an infinite-dimensional smooth manifold of finite
measures, (M, G, ¢), with atlas comprising the single chart, ¢. M is a subset of an
instance of the manifold constructed in [27] (that in which the measurable space X
of [27] is R?), but has a stronger topology than the relative topology. Results in [27]
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concerning the smoothness of maps defined on the model space L0 (1) are true a-
forteriori when L*0 (1) is replaced by G in fact, even stronger results can be obtained
under the following hypothesis:

(E1) ¢ € (1,2] and A1 = Ao.

For some 1 < B < Ap, let ¥ : G — LP () be the nonlinear superposition
(Nemytskii) operator defined by Wg(a)(x) = ¥ (a(x)) (see [3]).

Lemma4 (i) ¥g € CV(G; LP (), where

_ ) Tao/B1 =1 if (EI) does not hold,
N=NGo. A, B.1) = { Lho/B) if (EI) holds. (26)
Forany1 < j <N, llfﬂ(j) : G — L(G/; LP(w)) is as follows
U ) = Y @) ) - ). @7

(i) If 2o/B € N and (El) does not hold, then the highest Fréchet derivative, W/;N), is
Leslie differentiable, with derivative

(@ unsr )@@ = VD @ @) v (). 28)

(iii) Wg satisfies global Lipschitz continuity and linear growth conditions, and all its
derivatives are globally bounded.

Proof According to the mean value theorem, for any a, b € G,
V) —Ya) =y Pab+ (1 —a)a)b—a) forsome0 <a(x) <1, (29)
and so the Lipschitz continuity and linear growth of ¥g follow from the boundedness

of vV Let (a, € G\{a)}) be a sequence converging to @ in G. Forany 1 < j < N
let

Ay =YY V(a,) — v V@) — v (@)@, —a)
L= v @) — v V(). (30)

According to the mean-value theorem A, = §,(a, — a), where
8n = Y (anan + (1 — an)a) — v (@) for some 0 < o (x) < 1.
Holder’s inequality shows that, for all uy, ..., u; in the unit ball of G,
IAnur--ujrllpsny < 1ALy and (D ujllps gy < 1uilley g,
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where v := AoB/(Lo — (N — 1)). In order to prove part (i), it thus suffices to show
that

lay —allg I Anllzroy — 0 and  sup [[FullLoge — 0. 3D
lullg=1

If v < g [eg. if (E1) does not hold] then Holder’s inequality shows that

1 Aullzogo < 18all e o llan — all o and [ Tullzogey < Il e go il o oy

where ¢ := Aov/(Xo — v). Now §, and I}, are bounded and converge to zero in
probability, and so the bounded convergence theorem establishes (31).

If v = Xp then (E1) holds. Suppose first that v > 1, and let f,,, € C ©(R?; R)
be a sequence converging in G to some b € G. For some 1 < i < d and a weakly
differentiable g : RY — R, let g’ := dg/dx;; then (| fn]") = h(f)f), where
h(y) = v|y|""!sgn(y). Forany 0 < C < oo,

Lincam fat=€1 = Lyncgnp>cy + Lugmr=cr

where v* := v/(v — 1). Together with Holder’s inequality, the uniform integrabil-
ity of the sequences |h( fm)|”* and | f,|", and the continuity of A, this shows that
h(fm) fr, = h(b)b' in Ll(,u). As in the proof of Theorem 1, this shows that |b|¥ is
weakly differentiable with respect to x;, with derivative

(I1b]") = h(b)b" € L' (). (32)

This enables the use of a log-Sobolev inequality. Let & := (¢t — 1)/t, and let Fy, G :
[0, 00) — [0, 00) be the complementary Young functions defined by

Fy(2) = / log°(y+ 1)dy and Gu(z) = / (exp(yl/“) — 1) dy. (33)
0 0

(see, for example, [33]). Fy, is equivalent to any Young function ﬁa, for which Fa () =
zlog® z for z > 3, in the sense that there exist constants 0 < ¢; < ¢y < oo such that,
for all sufficiently large z, F,(c1z) < }7“0, (2) < Fy(c2z). Similarly, G4 is equivalent
to any Young function Ga, for which Ga () = exp(zl/ *) for z > 1. We denote the
associated Orlicz spaces L' log” L(u) and exp L'/% (), respectively. L' log® L(j1) is
equal (modulo equivalent norms) to the Lorentz—Zygmund space L% (1), which in
the context of the product probability space (RY, X, 1) is a rearrangement-invariant
space (see section 3 in [13]). It follows from Theorem 7.12 in [13], together with (32),
that

<K|blg, forsome K < oo.

” |b|v HL1 log® L(u)

This is clearly also true if v = 1. In the light of the generalised Holder inequality, in
order to prove (31) it now suffices to show that the sequences |5,,|" and | I'},|" converge
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to zero in exp L2 (), but this follows from their boundedness and convergence to
zero in probability. This completes the proof of part (i).

With the hypotheses of part (ii), let (z, € R\{0}) and (v, € G) be sequences
converging to 0 and uy+1, respectively, and let a, := a + t,v,. Substituting this
sequence into (30), we obtain

tn_lAn = 8,vy = 8 (Vy —uUN41) + SpUn1.

Both terms on the right-hand side here converge to zero in L0 () since 8, is bounded
and converges to zero in probability. This complgtes the proof of part (ii). Part (iii)
follows from (29) and the boundedness of the w(/ )., O

For1 < B < Ao, letmg,eg : M — Lﬁ(u) be defined by

mg(P) =Wg(¢p(P)) —1 and eg(P)=10¢(P)—mp(P), (34)

where 1 : G — L#(y) is the inclusion map. These are injective and share the smooth-
ness properties of W developed in Lemma 4. In particular,

dU y dU
=— and Ueg=-—(a ) = —, (35)
P 4 dPa dpP

dU
Umg = v D(a)—
P dp, du

where a = ¢ (P), and the derivatives are Leslie derivatives if 8 = Ag, and (E1) does
not hold. These equations establish the measure-theoretic meaning of the (hitherto
abstract) tangent vector U.

The maps mg and eg can be used to investigate the regularity of statistical diver-
gences on M. The usual extension of the KL divergence to sets of finite measures,
such as M, is [2]:

D(P| Q) = QR?Y) — P(RY) +E,plog(p/q)
=E,mi(Q) — Eumi(P) + E,(ma(P) + 1)(eg(P) — ep(Q)), (36)

where 1 < o, 8 < Ao, a !+ ,3’1 = 1, and E, is expectation (integration) with
respect to w. This clearly requires Ao > 2. The following corollary of Lemma 4(i) can
be proved by induction, and careful use of Holder’s inequality.

Corollary 1 If (E1) holds and ko > 2 then, for any 0 < i, j < [Ao] — 1 with 1 <
i+j<l|rl, DeC"(M x M;R) with derivatives:

Do~ oL (r . uiivr ) = B Fr (@, buy - ugvy - vj, (37)
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where void products take the value 1,

i

Fio(a.b) = Z(; )wl)(a)e“—”(a) @1 +60) (38)
=0

Fo j(a,b) = D b) — ()8 (b) (39)

Fi j(a,b) = -y (@)oY b) ifi,j>1 (40)

and 0 : R — R is defined by 6(z) =z — ¥ (z) + 1 = log ¥ (2).

If (E1) does not hold then the condition on the sum i 4+ j becomes 1 <i 4 j <
[X1o]—1 (see Corollary 5.1 in [27]). This is equivalent if A takes a non-integer value. If,
on the otherhand, Ay € Nthen D admits fewer mixed Fréchet derivatives in the absence
of (E1); however, the highest mixed derivatives in (40) (those for which i + j = )
then exist in the Leslie sense. Similar results hold for Amari’s «-divergences, for

e[—1,1].

We can now use Eguchi’s characterisation of the Fisher—Rao metric on Tp M [15]:
forany U,V € TpM,

({U,V)p = ~UVD = (Uma, Ver) 2, = UpVo, 1)

"(1+ p)?

where U acts on the first argument of D, and V acts on the second. It follows that
(V.,U)p = (U,V)p and, forany y € R, (yU,V)p = (U,yV)p = y(U,V)p;
furthermore,

(U,U)p <E,(Up)> < |Us|%, (42)

and (U,U)p = 0 if and only if U¢ = 0. So the metric is positive definite and
dominated by the chart-induced norm on 7p M. However the Fisher—-Rao metric and
chart-induced norm are not equivalent, even when the model space is L2(w) [25].
In the general, infinite-dimensional case (TpM, (-, -)p) is not a Hilbert space; the
Fisher—Rao metric is a weak Riemannian metric.

If Ao > 3 then M also admits the Amari—Chentsov tensor. This is the symmetric
covariant 3-tensor field defined by

(U, V. W) =E,Um3VesWe3 = Eﬂﬁ(]q&v(pmp. 43)

The Fisher—Rao metric and higher-order covariant tensor fields are smoother with
increasing values of Ag. Log-Sobolev embedding enhances this gain for particular
integer values of 1. Suppose, for example, that 1y = 2. If (E1) holds then the metric
is a continuous covariant 2-tensor field on M; however if (E1) does not hold then,
although the composite map M > P +— (U(P), V(P))p € R is continuous for all
continuous vector fields U, V, the metric is not continuous in the sense of the operator
norm.
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If Ap > 2thenthe variables mj and e, are bi-orthogonal representations of measures
in M. This can be seen in the following generalised cosine rule:

D(P|R) = D(P|Q) + D(QIR)
—(ma(P) —m2(Q), e2(R) — €2(Q)) 2(yy)- (44)

Setting R = P and using the fact that my + e» =1 0 ¢, where: : G — L2(w) is the
inclusion map, we obtain the global bound

D(P|Q) +D(QIP)

(ma(P) = ma(Q), e2(P) — e2(Q)) 2

1 1
SNB(P) =6 (D2, = S16(P) = $(Q)llG. (45)

IA

4 Special model spaces

The construction of M and TM in the previous section is valid for any of the
weighted mixed-norm spaces developed in Sect. 2, including the fixed norm space
Gy = Wk G2 (1), However, certain spaces are particularly suited to the deformed
exponential function y; these are introduced next. A special class of mixed-norm
spaces, on which the nonlinear superposition operators associated with ¥ act continu-
ously, is developed in Sect. 4.1. Section 4.2 investigates fixed-norm spaces and shows
that, with the exception of the cases k = 1, A € [1, 00) and k = 2, A = 1, they do not
share this property.

4.1 A family of mixed norm spaces

This section develops the mixed-norm space G, := WA () with Ag > A; > k and
Aj=X1/jfor2 < j < k. Lemma 4 can be augmented as follows.

Proposition2 (i) For anya € G,,, ¥(a) € Gy,.

(ii) The nonlinear superposition (Nemytskii) operator ¥, : G,, — G, defined by
U, (a)(x) = Y (a(x)), is continuous.

>iii) ¥,,(G,) is convex.

Proof A partition of s € Syisasetmw = {o1,...,0, € S} suchthat ), 0; = s. Let
I1(s) denote the set of distinct partitions of s and, for any m € I1(s), let || denote
the number of d-tuples in 7. According to the Fad di Bruno formula, for any s € S
and any f € C®(R%; R),

DY (f)=F(f) = Y Ky Dof. (46)

well(s) oEm
where the K; < oo are combinatoric constants. Dy (f) € C®(R?; R) since the

derivatives of i are bounded and D° f € C*®°(R4; R) forall o € 7. We set Fy := 1,
and extend the domain of F; to G, in the obvious way.
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Let (f, € C®(RY; R)) be a sequence converging in the sense of G, to a. Since
the first derivative of i is bounded, the mean value theorem shows that ¥ (f,) —
Y (a) = Fy(a) in the sense of L* (). Furthermore, for any s € Sy,

DY) - F@] =K Y [0 ()|

well(s)
+K Y [ =y @| [T 107l @)
well(s) oen

where
Tew=|[[ D7 f =[] Da| =D ID°(fu—a)l [] (D" ful +1D%al).
oEm oEm oEm ten\{o}
Now )" .. lo| = |s|, and so it follows from Hélder’s inequality that

IFenll sty < Y ID (Ufw = lipareiy [T NPT fal +1D7al| 21e1 -

oen ten\{o}

which, together with the boundedness of the derivatives of i, shows that the first
term on the right-hand side of (47) converges to zero in the sense of LM |s‘(yd).
The second term converges to zero in probability and is dominated by the function
Cllyer ID%al € L*51(w) for some C < o0, and so it also converges to zero in the
sense of L*/151(11). We have thus shown that, for any s € So, D*Y¥ (f,;) converges to
Fy(a) in the sense of L*/I8!(w). In particular, Fy(a) € L*/18!(11). That v (a) is weakly
differentiable with derivatives D*vr(a) = F(a), for all s € S, follows from argu-
ments similar to those in (11) with f, playing the role of a,, and this completes the
proof of part (i).

Let (an, € G,;) be a sequence converging to a in the sense of G,,. The above
arguments, with a, replacing f;, show that, for any s € So, Fs(a,) — Fs(a) in the
sense of L*/!8I(), and this completes the proof of part (ii).

For any Py, P € M and any y € (0, 1), let P, := (1 — y)Py + yP;. Clearly
py € G, we must show that log py, € G, Let f : (0, 00) — R be defined by

F2) =10,1)(@)(=log2)* + 1[1,00)(2)(z — D*;

then |10gz|A < f(z), and f is of class C 2 with non-negative second derivative, and
so is convex. It follows from Jensen’s inequality that

E,llog py|* <E,f(py) < (1= E, f(po) + YE. f(p1) < oco.
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A further application of the Fad di Bruno formula shows that, for any s € S,

|D* log py| < K Z [og™ P (py)| 1_[ |D py|

well(s) oET
D%po D% p
<Kk Y ] R

mwell(s)O€Em

Now p; = ¥ (a;) for some ag, a; € G, and so D° p;/p; = Fys(a;)/¥(a;). Since
¥ ™ /4 is bounded, the arguments used above to show that D’ (a;) € L*/15!(11) can
be used to show that D v (a;)/ v (a;) € L*1°1(1). Holder’s inequality then shows
that D*log p, € L*51(11). We have thus shown that log py € Gy. So P, € M, and
this completes the proof of part (iii). O

4.2 Fixed norm spaces

Proposition 2 shows that the function i defines a superposition operator that “acts
continuously” on the mixed norm Sobolev space G,,. The question naturally arises
whether or not it has this property with respect to any fixed norm spaces (other than
Wl'(l’l)(u), which is a special instance of G,). Since, for k > 2 and A > Aq, the
space Gy = Wk G2 (1) is a subset of G,, and has a topology stronger than the
relative topology, it is clear that ¥, (G r) C ¥,,(G) C Gy, and that the restriction
of ¥, to G 7, is continuous. However, except in one specific case, i does not define a
superposition operator with domain and range G ¢, as the following proposition shows.

Proposition 3 If A > 1 and k > 2 then there exists an a € G y for which y(a) ¢ G .
Proof (Adapted from Dahlberg’s counterexample) Let t € (0,2], z; > 0 and /; :
RY — Rbe asin Sect. 2, and let {B, C RY ne N} be the sequence of closed spheres

with centres o, = (n'/7,0,...,0) and radii 1/n. If x € B, then |l;(x) — [,(0y,)| <
K //n for some K < co. Let ¢ € C5°(R?; R) be such that

e(y) =y1 if [y <1/2 and ¢(y) =0 if |y[=1.

Since ¥ is not a polynomial, its kth derivative 1) is not identically zero, and we can
choose —00 < &1 < & < ¢1 + 1 such that Iw(k)(z)| > e forall z € [¢1, ¢2] and some
€ > 0. Finally, leta : RY — R be defined by the sum

a(x) =g+ Y a"e(n(x —o0y)), (48)

n=m

where o = exp(2/((k + 1)A — 1)) and m = |z;] + 16. (The support of the nth term
in the sum here is a subset of B, and so a is well defined and of class C*°.) We claim

@ Springer



300 Information Geometry (2019) 2:283-312

thata € G; in fact, for any s € Sy with [s] = j,

oo
E,|D'al* < K ) o"nl? exp(—n)/ D @(n(x — 0,))|*dx

n=m

o0
=Ky oMt exp(—n)/ ID*p()|*dy < o0, (49)

n=m

and a similar bound can be found forE, |a—¢; | . Tt now suffices to show that D’y (a) ¢
L*(w), where s = (k, 0, ..., 0). Let

T, = {x eR?:|x —0yl <1/2n and 0 < (x — ay)1 < (™)~ (¢2 — Cl)};

then, for any x € T, a(x) = ¢1 +na (x — op)1 € [£1, 21, and so

E DY@l = ) o n /T W @1+ na(x — o) D *r(x) dx

n=m

o0
> Klé)L Z akhn gk exp(—n)|Ty|

n=m
o0
= Kyet Z o kA= mykr—d exp(—n) = +o0, (50)
n=m
where |T},| is the Lebesgue measure of 7},, and this completes the proof. O

As (49) shows, no amount of “derivative sacrifice” will overcome this property of
G s thereis no choice of k < m < oo suchthaty/(a) € G s foralla € W™ %) ().
However, we are able to prove the following, whichincludes the casek = 2,A. = v = 1.

Proposition4 Letk > 2, let A >k — 1 and letv := (A + 1) /k.

(i) Foranya € Gy, y(a) € WhO) (),
(ii) The nonlinear superposition operator ¥y : Gy — W) (1), defined by
Ur(a)(x) = Y(a(x)), is continuous.

Proof As in the proof of Proposition 2, it suffices to show that, for any a € G ¢, any
sequence (a, € Gy) converging to a in Gy, and any s € Sp, Fy(a,) — Fy(a) in
LV (w), where Fj is as defined in (46). For any s with |s| < k this can be accomplished
by means of Holder’s inequality, as in the proof of Proposition 2. Furthermore, even
if |s| = k, all terms in the sum on the right-hand side of (46) for which || < k can
be treated in the same way. (There are no more than k — 1 factors in the product,
each of which is in L*(u), and A/(k — 1) > v.) This leaves the terms for which
|| = |s| = k; in order to show that these converge in L" (u) it suffices to show that,
for any 1 < i < d, the sequence (|1/f(k) (an)(a;l)kl”) is uniformly integrable, where,
for any weakly differentiable g : RY — R, g’ := dg/dx;.
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Let p € C° (R4; R) be as defined in (15), and let
Kp = sup (p(x) + 210 (0)] + 0" (0)]).

Let i : Gy — L'(u) be defined by h(a) = |a| + |a'| + (la| + la'| + la"])*;
then h(Kpa,) — h(Kpa) in L'(w) and so, according to the Lebesgue—Vitaly the-
orem, (h(K,a,)) is a uniformly integrable sequence. So, according to the de la
Vallée Poussin theorem, there exists a convex increasing function F - [0, c0) —
[0, 00) such that H(z) := F(z)/z is an unbounded, non-decreasing function and
sup,, EMI:"(h(Kpan)) < oo. Let H : [0, 00) — [0, 00) be defined by

0 ifz=0

H(z) = {Z—l I H(y)dy otherwise.

} < H(z) (51)
For any y € [0, 00), let z, :=inf{z € [0, 00) : I:I(z) > y}; forany z > 2z,
Zy z
H(z) = z‘I/ H(t)dt +z‘1/ H(t)dt > (z —zy)y/z > y/2,
0 2y

and so H is also unbounded. Furthermore
:HV ()= H(z) — H(z) € [0, H(2)]. (52)

Summarising the above, H is unbounded, non-decreasing and differentiable, and so
F : [0,00) — [0, 00), defined by F(z) = zH(z) is another de la Vallée Poussin
function for which sup, E,, F (h(K ya,)) < oo.

Let G : [0, 00) — [0, 00) be defined by G(z) = zH(|z/C|'/*"), where C :=
sup, [ ®)(2)|"; then, for any f € C°(RY; R),

EG (WO NI7) = Ky O DI AL

v D)
PA+y )k

_ w(f)/ 1 g kv—2 /
—Kz/—(1+w(f))kf|f| H(fr dx

— K /(1 4 x/f(f))l"‘[If’lk”‘zf”H(If’l)

K>E LI H(FD)

+HTTHO A DS+ f/lf/lk”zH(lf/l)l’]rdx
< K3(R(f) + S() + T (/) (53)
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where K| and K, depend only on the function ¢, K3/K, = (kv — 1)/(k — 1) and
R(f), S(f) and T (f) are as follows:

R(H) =Eu 121 HAFD,
SCH) = Eul 1T HO DI < Bul £/ 721 THA ),
T(f) == Eul 1T HA DI (54)

In (53), we have used the boundedness of %) in the first step, Lemma 3(ii) in the
second step and integration by parts with respect to x; in the fourth step. If r = 1 in
Example 1(i), then 6;(| - |) is not differentiable at 0 and the integration by parts has to
be accomplished separately on the two sub-intervals (—oo, 0) and (0, 00).) In (54), we
have used (52). Let ay, ,, := a,(x)p(x/m) € U,,; then, with J as defined in section 2,

R(Jamn) < EuF(1(amn)' | + (Tamn) | + 1T am)" D)
= E F(Jay, |+ (Tay, | + Tap D)
< EuJ F(la), | + (la), .| + laj, ")
< E,F(1a), .| + (ap, | + lag D) + 1/m
< E, F(h(Kpan) + 1,

where we have used the definition of F in the first step, Lemma 1(ii) in the second
step, Jensen’s inequality in the third step, Lemma 1(i) in the fourth step and (16) in
the final step. Similar bounds can be found for S(Ja,, ») and, if ¢ € (0, 1] (so that I/
is bounded), T (Jay, ).

If r € (1, 2] we note that

(ILFHALD) = AL 1P sen( ) HASD + L HO (L Dsen(f) £
so that E, [(If/*H (| £'1))'| < AR(f) + S(f), and
(T amn) T HA amn) Dllran gy < O+ 2) By F(h(Kpan) + 1.

Let o := (r — 1)/¢, and let L! log* L (1) and exle/“(u) be the complementary
Orlicz spaces defined in the proof of Lemma 4. It follows from Theorem 7.12 in [13]
that, for some K4 < oo not depending on m or n,

(@) HATam ) Dl 10ge Ly < KaOv A+ DBy F(h(K pan)) + 1).

For any |x;| > z;, I'(x) = —t|x;|" 'sgn(x;), and so I’ € exp L'/* (1), and the gener-
alised Holder inequality shows that, for some K5 < oo

T(Jamn) < KS|||(Jam,n)/l)LH(KJam,n)/D”L] log® L(u) ”l,”exle/"‘(M)'
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We have thus shown that, for any 7 € (0, 2],
EuG(10® Uann)"lUana) 1) < Ke®uFhKpa) + 1. (59)

where K¢ < oo does not depend on m or n. Since G is a de la Vallée Poussin function,
the sequence (|1/f(k)(Jam,n)|”|(Jam,n)’|k”, m € N), for any fixed n, is uniformly
integrable and so, according to Lemma 2, converges in L' () to |y %) (an)|"|a,’1|k”.
Fatou’s theorem now shows that

E, G (19 P @l ay 1) < Ko(By F(h(K pan)) + 1),

which in turn shows that the sequence (| ® (a,)|" Ia;llk", n € N) is uniformly inte-
grable. O

If we want all spatial derivatives of ¥ (a) to be continuous maps from Gy to L" (1)
(for some v > 1) then the fixed norm space G s should have Lebesgue exponent
A = max{2, vk — 1}. (The resulting manifold will not have a strong enough topology
for global information geometry unless A > 2.) The mixed norm space G,, requires
M = vk, Ay = vk/2, ..., A = v.This places a slightly higher integrability constraint
on the first derivative, but lower constraints on all other derivatives (significantly lower
if k > 3). Furthermore, if G 7 is used as a model space, then ¥ (a) and its first partial
derivatives actually belong to L* (1), and so the true range of the superposition operator
in this context is a mixed norm space, whether or not we choose to think about it in
this way.

The case in which A = 1 is of particular interest. Proposition 4 then shows
that i defines a nonlinear superposition operator that acts continuously on G :=
w2 @LD (1), The use of such a low Lebesgue exponent precludes the results in
Sect. 3 concerning the smoothness of the KL-divergence. In particular, we cannot
expect to retain global geometric constructs such as the Fisher—Rao metric. However,
D(u|-) : Mg — [0, 00) is still continuous for all ¢+ € (0, 2], and D(- |w) is finite
if r = 2. Since ¥ is bounded, there is no difficulty in extending these results as
follows.

Corollary 2 For any A9 € [1, 00), ¥ defines a nonlinear superposition operator that
acts continuously on G5 1= Wz'()‘o'l’l)(u).

Remark2 When the model space, G, is G, G or G, then condition (M2) can be
replaced by: (M2’) p,logp € G.

5 The manifolds of probability measures

In this section we shall assume that Ao > 1, or that Ao = 1 and the embedding
hypothesis (E1) holds. Let My C M be the subset of the general manifold of Sect. 3
(that modelled on G := W% (1)), whose members are probability measures. These
satisfy the additional hypothesis:
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(M3) E,p=1.

The co-dimension 1 subspaces of L)”(/,L) and G, whose members, a, satisfy E, a = 0
will be denoted L (11), and Go. Let ¢ : My — Gy be defined by

$o(P) = ¢(P) —Eu¢p(P) =log, p — E,log, p. (56)

Proposition 5 (i) ¢ is a bijection onto Gy. Its inverse takes the form
P(dx) = ¥ (a(x) + Z(a))u(dx), (57)
where Z € CN(Go; R) is an (implicitly defined) normalisation function, and

N = N(Xo, A1, 1, 1) is as defined in (26).
(i) The first (and if N > 2 second) derivative of Z is as follows:

Z((ll)u = —Ep,u
By @(a+ Z(@)u — Ep,u)(v — Ep,v)
E v V(a+ Z(a)

Z2 (u,v) = , (58)

where Py := Pay z(a)/ Patz(a)(R?) and Py(dx) = ¥V (a(x)) pu(dx).
(iii) If Ao — 1 € N and (El) does not hold then Z%0=D g Leslie differentiable (with
derivative is as in (58) if Lo = 2).

Proof Let Y : Gg x R — (0, c0) be defined by
Y(a,z)=Eu¥(a+2z)=E¥(a+2), (59)

where W is as in Lemma 4. It follows from Lemma 4, that 7" is of class C N and that,
for any u € Gy,

2% =E,yP@a+2u and 1OV =E,yV@+2) > 0. (60)
Since  is convex,

sup Y (a, z) = sup Y (E,(a + 2)) = sup ¥ (z) = +o00;

furthermore, the monotone convergence theorem shows that

lim T(a,z) =E, iim Y(a+z)=0.
Zy—00

z{—00

So T (a, -) is a bijection with strictly positive derivative, and the inverse function
theorem shows that it is a CV-isomorphism. The implicit mapping theorem shows
that Z : Gop — R, defined by Z(a) = 7 (a, )11, is of class CV. For some
a € Gy, let P be the probability measure on X with density p = ¥ (a + Z(a)); then
¢o(P) = a and P € My, which proves part (i).
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That the first derivative of Z is as in (58) follows from (60). Since E,ﬂ,b(l)(a +
Z(a)) > 0, parts (ii) and (iii) follow from Lemma 4 and the chain and quotient rules
of differentiation (which hold for Leslie derivatives). m|

Expressed in charts, the inclusion map ¢ : My — M is as follows

p@):=¢o¢y (@) =a+Z) 61)
and has the same smoothness properties as Z. The following goes further.

Proposition6 (M, Go, ¢o)isa CN_embedded submanifold of (M, G, ¢), where N =
N (o, A1, 1,¢) is as defined in (26).

Proof Letn : G — Gy be the superposition operator defined by n(a)(x) = a(x) —

E, a; then n is of class C*, has first derivative n,(ll)u = u — E,u, and zero higher

derivatives. Now 7 o p is the identity map of G, which shows that p is homeomorphic
onto its image, p(Go), endowed with the relative topology. Furthermore, for any
u € Gy,

1
u=(mo :0)5(11)” = 77;()6,);0,51)”,

and so ,o,gl) is a toplinear isomorphism, and its image, p,gl)Go, is a closed linear

subspace of G. Let E, be the one dimensional subspace of G defined by E, =
v D(p@)) :yeR).Ifu e E;andv € ,o,gl)Go then there exist y € Rand w € Gy
such that

E,uv = yE, ¢ (p(@)(w — Ep,w) =0.

So E; N p,gl)Go = {0}, and pél) splits G into the direct sum E, & p,gl)Go. We have
thus shown that p is a CV-immersion, and this completes the proof. O

For any P € M), the tangent space Tp My is a subspace of Tp M of co-dimension
1; in fact, as shown in the proof of Proposition 6,

TpM =TpMo @ {yU, y € R}, where Up = vV (¢p(P)). (62)

Let @9 : TMy — Gg x G be defined as follows:
@o(P,U) = ®(P,U) —E,®(P,U). (63)
Then @ o 5 ' (a.u) = (p(a). pi u). For any (P.U) € TMo, Up = pi'u =

u — Ep,u, and so tangent vectors in Tp My are distinguished from those merely in
Tp M by the fact that their total mass is zero:

URY) = /(u —Ep,u)dP, =0. (64)
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The map Z of (57) is (the negative of) the additive normalisation function, «,
associated with the interpretation of My as a generalised exponential model with
deformed exponential function 1. (See Chapter 10 in [23]. We use the symbol Z
rather than —o for reasons of consistency with [25,27].) In this context, the probability
measure P, of (58) is called the escort measure. In [21], the authors considered local
charts on the Hilbert manifold of [25]. In the present context, these take the form
¢p : My — G p, where G p is the subspace of G whose members, b, satisfy Ep, b = 0.
This amounts to re-defining the origin of G as ¢ (P), and using the co-dimension 1
subspace that is tangential to the image ¢ (M) at this new origin as the model space.
This local chart is normal at P for the Riemannian metric and Levi—Civita parallel
transport induced by the global chart ¢ on M. However, the metric differs from the
Fisher—Rao metric on all fibres of the tangent bundle except that at 1. The local model
space, G p, is based on the reference measure i, not the local measure P, as is the
case with the exponential Orlicz manifold.

The equivalent on M\ of the maps mg and eg of Sect. 3 are the maps mg g, eg o :

Mo — L§ (1), defined by
mgo(P) =mg(P) and ego(P) =epg(P)—E, eg(P). (65)

Their properties follow from those of mg and eg.

6 Application to nonlinear filtering

We sketch here an application of the manifolds of Sects. 3 and 5 to the nonlinear filtering
problem discussed in Sect. 1. An abstract filtering problem (in which X is a Markov
process evolving on a measurable space) was investigated in [26]. Under suitable
technical conditions, it was shown that the (Yy, 0 < s < t)-conditional distribution of
X, Iy, satisfies an infinite-dimensional stochastic differential equation on the Hilbert
manifold of [25], and this representation was used to study the filter’s information-
theoretic properties. This equation involves the normalisation constant Z, which is
difficult to use since it is implicitly defined, and so it is of interest to use a manifold
of finite measures not involving Z, such as M of Sect. 3.

If the conditional distribution /7, has a density with respect to Lebesgue measure,
ps, satisfying the Kushner—Stratonovich Eq. (3), then its density with respect to u,
7 = p:/r, also satisfies (3), but with the transformed forward operator:

1 32Trirn 19 firm
=— - (66)
2r 0xtox/ r oxt

Am

where I' = gg* and we have used the Einstein summation convention. The density
7; also satisfies

dn = An;dt + 7;(h — () (dY; — h(my)dt), (67)
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where, for appropriate densities p, h(p) := (Ey p)’lEu ph. This equation is homo-
geneous, in the sense that if m; is a solution then so is am;, for any ¢ > 0. A
straightforward formal calculation shows that log,; 7; satisfies the following stochastic
partial differential equation

da; =u(-,a)dt +v(-,a;)(dY; — h(Y(ay))dt), (68)
where
v(x,a) = (1 + ¥ (a(x))(h(x) — h(¥(a))),

2
u(, @) = 21 )| () + (1 + @) % (1) 2L ()
2 0x ox/

axiox/

o 1 _
+F! (x)a—;li(x) + (L + Y (@a@)) FO(x) — E[h(x) @)’ (69

and

ol ari
o T

A AR LR N

Fi=rl

= 2axiox) " ox ax T2 |axiaxd o axd axi oxi’
In order to make sense of (68) and (69), we need further hypotheses. The following
are used for illustration purposes, and are not intended to be ripe.

(F1) G = G, (the mixed norm space of Sect. 4.1) with Ao = A1 > 2k > 4;1r =1
and 61(] - 1) € C*(R; [0, 00)).

(F2) The functions f, g and & are of class C*®°(R?).

(F3) The functions f and k, and all their derivatives, satisfy polynomial growth
conditions in |x]|.

(F4) The function g and all its derivatives are bounded.

In particular, these allow /, u and v to be defined on M in a precise way.

Proposition7 (i) The functional H:G, > R defined by H(a) = f_l(l//(a)), is of
class CT*1=1,

(i) Letk > 2 and Ay > 2k. If a € Gy, then u(-,a),v(-,a) € H*2(u), where
H*=2(w) is the Hilbert Sobolev space of Remark 1.

(iii) The superposition operators U,V : G,, — H*"2(w), defined by U(a)(x) =
u(x, a) and V(a)(x) = v(x, a), are continuous.

Proof 1t follows from (F1-F4) that
Fi, FO, h, e Wk'()\’k"“’”(u) for every k € N, and every A € [1,00). (70)

Lemma 4 shows that, for any € > 0, ¥ is of class Co/+e1-1 gop any Ao €
[2, 00) there exists an € > 0 such that [Ag/(1 + €)] = [Xo] and so with this choice,
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Y1 is of class cl*1-1 Holder’s inequality shows that, for any 0 < i < [Ag] — 2,
any a, b € G, and any uy, ..., u; in the unit ball of G,,,

[ 1 i+1
By = ¥ ea = Wita —a) i, ... uph|

(i) (@) (i+1)
= ” l1’1+e,b - lI/l-‘re,a - tIll—ire,a(b —a) ”L(G;'n;LHE(M))”h”L(l*‘)/‘(u)’

EM|(‘1’1(Z+JZ,113 - ‘1’1(:22)“ = ” 1111(:';’1}3 - ‘1’1(322 ||L(G£,,+1;L1+€(M))”h||L(l+‘)/‘(u)’
which shows thatthe map G, 3 a — E v (a)h € Risofclass C ol=1 The quotient
rule of differentiation and the fact that E; v/ (a) > 0 complete the proof of part (i).

Parts (ii) and (iii) can be proved by applying Holder’s inequality to the weak deriva-
tives of the various components of u( -, a) and v( -, a@). The quadratic term in u is the
most difficult to treat, and so we give a detailed proof for this. We begin by noting that
(1 4+ (a))"'9a/dx! = d(a — Y (a))/dx'. Forany |s| < k —2

p W@ W@ _ 5 o V@ V@ () gy,
ox! ox/ ax! dx/ oy
o<s 1<i<d
According to Proposition 2, the nonlinear superposition operator ¥,; : G, —

LA/Uo1+D (1) defined by ¥, ; (@) = D (3y(a)/dx") is continuous, and so it follows
from Holder’s inequality that the same is true of 15 ; ; : G,y — LA/ s1+2) (w) defined
by the right-hand side of (71). Together with (F4), this shows that Y : G,, - H k=2 ()
defined by Y'(a) = I''/ (3 (a)/3x") (3 (a)/dx/) is continuous.

The other components of u( -, @) and the only component of v( -, a) can be shown to
have the stated continuity by similar arguments. These make use of (70), Proposition 2
and part (i) here. O

Remark 3 There are many variants of this proposition, corresponding to different
choices of the domain and range of U and V. If Ay and X are suitably large, then
U and V admit various derivatives on M.

One application of Proposition 7 is in the development of projective approximations,
as proposed in the context of the exponential Orlicz manifold in [8] and the earlier
references therein. As a particular instance, suppose that k > 2 and A1 > 2k; let
(n; € CKRHNG,,, 1 <i < m) be linearly independent, and define

Gy = [a € Gy a=a'n forsomea € Rm}. (72)

This is an m-dimensional linear subspace of both G,, and H k_z(u). We can use the
inner product of H k_z(u) to project members of H k_z(u) onto G, 5. In particular,
we can project U(a) and V(a) onto Gy, forany a € G, , to obtain continuous vector
fields of the finite-dimensional submanifold of M defined by M, = ¢! (Gm,p)- Since
the model space norms of H k=2 (1) dominate the Fisher—Rao metric on every fibre of
the tangent bundle (42), the projection takes account of the information theoretic cost
of approximation, as well as controlling the derivatives of the conditional density ;.
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M, is a finite-dimensional deformed exponential model, and is trivially a C*°-
embedded submanifold of M. Many other classes of finite-dimensional manifold also
have this property. For example, since ¥ (G,,) is convex, certain finite-dimensional
mixture manifolds modelled on the space G, ,, where 1; € ¥(G,), are also C*°-
embedded submanifolds of M. This is also true of particular finite-dimensional
exponential models.

7 Concluding remarks

This paper has developed a class of infinite-dimensional statistical manifolds that use
the balanced chart of [25,27] in conjunction with a variety of probability spaces of
Sobolev type. It has shown that the mixed-norm space of Sect. 4.1 is especially suited
to the balanced chart (and any other chart with similar properties), in the sense that
densities (and log-densities) then also belong to this space and vary continuously on
the manifolds. It has shown that this property is also true of a particular fixed norm
space involving two derivatives, but can be retained for fixed norm spaces with more
than two derivatives only with the loss of Lebesgue exponent. The paper has outlined
an application of the manifolds to nonlinear filtering (and hence to the Fokker—Planck
equation). Although motivated by problems of this type, the manifolds are clearly
applicable in other domains, the Boltzmann equation of statistical mechanics being
an obvious candidate.

The deformed exponential function used in the construction of M has linear growth,
a feature that has recently been shown to be advantageous in quantum information
geometry [24]. The linear growth arises from the deformed logarithm of (21), which
is dominated by the density, p, when the latter is large. As recently pointed out
in [21], this property is shared by other deformed exponentials, notably the Kani-
adakis 1-exponential ¥k (z) = z + +/1 + z2. The corresponding deformed logarithm
islogg (v) = (y? —1)/2y, and so the density is controlled (when close to zero) by the
term — 1/ p rather than log p, as used here. In the non-parametric setting, the need for
both p and 1/p to be in L* () places significant restrictions on membership of the
manifold. If, for example, the reference measure of Example 1(i) is used, and r = 1,
then the measure having density C exp(—«/|x|) (with respect to Lebesgue measure)
belongs to the manifold only if | — 1| < 1/Ag.

The Kaniadakis 1-exponential shares the properties of ¥ used in this paper; these
are summarised in Lemma 5, which is easily proved by induction.

Lemma5 (i) The Kaniadakis 1-exponential ¥x : R — (0, 00) is diffeomorphic; in
particular

> 0, (73)

and so Yk is strictly increasing and convex.
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(ii) Foranyn > 2,

n 030-2)(¥k) )
Yy = 02Ky D) (74)
S mE

where Q3(,—2) is a polynomial of degree no more than 3(n — 2). In particular,
w;?), w;(")/wlg and wl((")/(wK wg)) are all bounded.

We can therefore construct a manifold of finite measures Mg, as in Sect. 3, sub-
stituting the chart of (21) by ¢x : Mx — G, defined by ¢px(P) = logg p. The
only properties of ¥ used in Sect. 3 are its strict positivity, and the boundedness of
its derivatives, properties shared by g . The results in Sect. 4 carry over to Mg with
the exception of Proposition 2(iii). Most of these depend only on the boundedness
of the derivatives of i; however, the integration by parts in (53) uses (20), which
can be substituted by (74) in the case of M. The results of Sect. 5 all carry over
to Mg.

Mg is a subset of M. Let t : R — R be the “transition function” t(z) =
log; ¥k (z). All derivatives of t are bounded, which explains why the regularity of
the KL-divergence on M carries over to Mk . Furthermore, it follows from arguments
similar to those used in the proof of Proposition 2 that the superposition operator
T, : Gy, — Gy, defined by T),,(a)(x) = t(a(x)) is continuous for any of the mixed
norm model spaces of Sect. 4.1.

The deformed logarithm of (21) was chosen in [25] because the resulting manifold
is highly inclusive, and suited to the Shannon-Fisher—Rao information geometry. In
this context, it yields the global bound (45). Condition (6) (on the reference measure
) has to be considered in the context of (M2), which places upper and lower bounds
on the rate at which the densities of measures in M can decrease as |x| becomes
large. For example, if all nonsingular Gaussian measures are to belong to M, then
(M2) requires r to decay more slowly than a Gaussian density, but more rapidly than
a Cauchy density. Variants of the reference measure p with ¢ € [1, 2) may be good
choices for such applications.
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