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Abstract
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detrending is based on a linear time trend. A fundamental result for the moment generat-
ing function of two key functionals of the relevant stochastic process is provided and used
to compute probability density functions and cumulative distribution functions, as well as
means and variances, of the limiting distributions of some statistics of interest. Some further
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more complicated statistic, are also provided.
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1. Introduction

An important issue in the conduct of tests for a unit root in a time series concerns the
specification of the trend component. In recent years it has become common to detrend the
series prior to carrying out the test regression, and generalised least squares (GLS) detrending
(or quasi-differencing) has earned a prominent place in the literature. Elliott, Rothenberg
and Stock (1996) and Ng and Perron (2001) analysed the properties of a number of statistics
based on GLS-detrended data in a near-integrated model and demonstrated that the limiting
distributions depend on the form of trend function employed for the detrending. When the
data are detrended using only an intercept the limiting distributions are functionals of an
Ornstein-Uhlenbeck (OU) process rather than a standard Wiener process, the parameter
characterising the OU process being the parameter that measures the deviation from a
unit root (sometimes called the local-to-unity coefficient). The moment generating function
(MGF) and characteristic function (CF) of two functionals of the OU process were derived by
Phillips (1987), and Perron (1989) used these functions to derive the cumulative distribution
function (CDF') and probability density function (PDF) in a numerical study of the limiting
distribution of the ordinary least squares (OLS) estimator in a first-order near-integrated
autoregression. When both an intercept and a time trend are used in the GLS detrending
the limiting distributions depend on a more general process that is a function of the GLS-
detrending parameter as well as the local-to-unity coeflicient and the OU process. To date,
analytical results relating to certain functionals of this more complicated process, such as
the MGF and CF, appear not to have been derived, and one of the aims of this paper is
to fill this gap in the literature. Another aim is to use such an MGF or CF to analyse the
properties of the limiting distributions of certain test statistics by, for example, deriving the
CDF and PDF, in a similar way to Perron (1989).

The paper is organised as follows. Section 2 describes the GLS detrending procedure and
defines the random processes (and functionals thereof) that are important in characterising
the limiting distributions of certain test statistics, while Section 3 derives the MGF and CF
of the two key random functionals. Sections 4 and 5 use the results of Section 3 to derive
the moments, as well as the CDF and PDF, of two test statistics of interest, before Section
6 provides further discussion and concluding comments. There are also three appendices:
Appendix A provides proofs of the theorems presented in the main text; Appendix B gives
a supplementary result that is used in the proof of one of the theorems; and Appendix C
provides computational details of the results presented in the text.

2. GLS detrending and asymptotics

A common theoretical framework for testing for a unit root in a time series, and one
that is commonly applied in practice, is based on detrending the series of interest using a
deterministic trend function prior to computing the test statistic using the detrended data.
Although a variety of forms of deterministic trend could be envisaged it is usually specified
to be a low-order polynomial and is typically linear in practice. To be precise suppose that
the scalar random variable of interest, 1, has the representation

yt:dtJrut, t:].,...,n, (1)

where d; denotes the deterministic trend and w; is an unobservable scalar random process



assumed to satisfy
ug = gy + vy, vy =06(L)er, € ~iid(0,02), t=1,...,n, (2)

where v = 1+ ¢/n for some constant ¢, 6(z) = 352 8;27, do = 1, 332 j|6;] < 00 and L de-
notes the lag operator. This specification is consistent with v; being a stationary ARMA (p,q)
process of the form p(L)v; = 0(L)e; where p(z) = >-0_g pjz and 6(z) = 31_ 0,27, in which
case 6(z) = 0(z)/p(z), but it also allows for more general forms of linear processes. Under
these assumptions v; satisfies the functional central limit theorem n~'/2 Zgﬂ vy = oW(r)
on C0,1], where 02 = ¢2§(1)? denotes the long-run variance and [nr] denotes the integer
part of nr. The deterministic component, d;, in (1) is usually assumed to be of the form
dy = 'z where z; = [1,¢,12,...,t?]’, most interest focusing on the cases p = 0 and p = 1.
Under (1) and (2) the detrended series y; — d; satisfies

yr — dp = ayp—1 — di—1) + vy,

hence the objective being to test the null hypothesis that o = 1 or, equivalently, that ¢ = 0.
Note that when ¢ < 0 the process is said to be locally stationary while when ¢ > 0 it is
locally explosive.

In view of d; being unobservable a common procedure is to estimate v, using an estimator
1& (to be defined below), and to construct a detrended series of the form yf =y — 1&’ z to
be used in place of y; — d; above. The GLS procedure, proposed by Elliott, Rothenberg
and Stock (1996), can be described as follows. Let & = 1 + ¢/n denote the detrending
parameter, ¢ being a suitably chosen constant, and, for any series xg, x1, ..., Ty, define the
quasi-differenced variables 2§ = x¢ and 2 = x; — @zy—1 (¢ =1,...,n). Then v is obtained
from the OLS regression of y& on z&. Elliott, Rothenberg and Stock (1996) recommend that
when p =0, ¢ = —7 and when p = 1, ¢ = —13.5, these values being chosen so as to make the
asymptotic local power function of tests tangent to the asymptotic Gaussian power envelope
at the point where power equals one half.

The GLS-detrended series y{ can be used in the construction of a variety of test statis-
tics. Elliott, Rothenberg and Stock (1996) proposed a feasible statistic, P,, whose limiting
distribution is the same as that of a likelihood-based point-optimal test statistic; it is defined

7 3)

2 is a consistent estimator of the long run variance o2 and S(«) denotes the sum of

where &
squared residuals from a least squares regression of yi* on z;* for the values of « specified in
(3). However, the most common approach in practice is based on either an estimate of the
parameter « itself (or its equivalent in an alternative representation) or on its associated
t-ratio. Nonparametric treatments of the serial correlation inherent in v; can be conducted
using the methods of Phillips and Perron (1988) based on the OLS regression

yfl:BOyg_1+’l~)t; tzlv"'7n7 (4)

while parametric treatments are often based on an augmented Dickey-Fuller (ADF) regres-



sion of the form

k
yg:BOyg—l"i_ZBjAyg—j"i‘étka t=k+1,...,n, (5)
j=1
where k can be chosen, for example, using the modified information criterion proposed by Ng
and Perron (2001). The null hypothesis in either case corresponds to By = 1 where fy is the
coefficient on y¢ . In (4) the limiting distribution of the normalised estimator 3y depends on
nuisance parameters emanating from the dynamics associated with v, but an asymptotically
pivotal distribution can be obtained by conducting inference using n(Bo — 1)+ ky, where k,
denotes the nonparametric data-based adjustment term; see Phillips and Perron (1988) for
details. A similar type of nonparametric adjustment can be applied to the t-ratio based on
By in order to obtain a pivotal limiting distribution. These limiting distributions correspond
to those that are obtained from the ADF regression (5) using n(8y — 1) and its t-ratio
to = (/3’0 -1)/ 630’ where &EO denotes the OLS estimator of the variance of 3y, provided that
k is allowed to increase with n at a suitable rate. In order to subsequently save on notation
the focus will be on n(By — 1) and to but it is emphasised at this point that the same
properties of the limiting distributions also apply to TL(BO — 1) + ky, and the corresponding
nonparametrically adjusted t-ratio from the regression (4). The properties of these limiting

distributions, as well as those of P,,, are investigated in subsequent sections.
For the detrended variable y{ Elliott, Rothenberg and Stock (1996) established that

O'Wc(r)7 p=0,
n~Y 2yﬁw] =
UVc,E(T)a p=1,
where W,(r) and V, z(r) are random processes on r € [0, 1] and the symbol = denotes weak
convergence of the relevant probability measures. In fact W,(r) is the Ornstein-Uhlenbeck
process satisfying dW,(r) = c¢W,(r)dr + dW (r) where W(r) is a standard Wiener process

with W (0) = 0, and therefore has the representations

We(r) = /Or exp{c(r — s)}dW(s) = W(r) + C/OT exp{c(r — s)}W(s)ds;

see Phillips (1987) for details. The process V. z(r), on the other hand, is more complicated
and is given by

Violr) = We(r) —r ()\Wc(l) +3(1— ) /0 1 ch(s)ds> ,

where A = (1 —¢)/(1 — ¢+ ¢%/3).

The processes W,(r) and V. ¢(r) characterise the limiting distributions of the statistics
of interest. These distributions can be expressed in terms of the following functionals of the
underlying random processes:

1 1 1
Ne =5 (We(1)? = 1) :/ WodW,, DC:/ w2,
2 0 0
1 1 1
N =5 (Vee? 1) = [ VeedVie, D= [ V2. (6)
2 0 o

in addition to W.(1)? and V. ;(1)? themselves. When p = 0 the limiting distributions, as



n — oo, have the representations

A N, N,
Pn = 62-Dc - EWC(l)Qu 77,(50 - 1) = 707 750 = ﬁ? (7)
D, Dc/
while when p = 1 they take the form
. N. - N. -
P, = &D.z+ (1 —¢)Vez(1)?, n(fo—1) = DC’C, to = f/; (8)
¢, D

c,C
Note that the limiting distribution of n(8y— ) is obtained straightforwardly from the results
in (7) and (8) by using the fact that 8y = 1+ ¢/n and hence n(fo — fo) = n(By — 1) —c. For
example, when p = 1 it follows that

A Ncé
n(Byg— Bp) = == —c.
( 0 0) Dc,E

For the case p = 0 the joint MGF and CF of N, and D, were derived by Phillips (1987)
and were used by Perron (1989) to analyse the properties of the CDF and PDF for different
values of the parameter ¢ using numerical integration techniques. Analagous results for the
joint MGF and CF of V,.z(1)? (or N.z) and D, ; do not yet appear to have been derived and
so the next section deals with this problem. The results are more complicated than when
p = 0 owing to the fact that the process V. (r) is itself a functional of W, (r).

3. The joint moment generating and characteristic functions of V,;(1)? and
Jo Veelr)*dr
All of the limiting distributions for p = 1 in the previous section are characterised by

the random variables V. z(1)? and fol Vez(r)%dr; their joint MGF is defined by

M(ty,ty) = E {GXP <t1Vc,c(1)2 +to /01 Vc,c(T)QdTﬂ .

Although M (ty,t2) is also a function of ¢ and ¢ this is not stated explicitly for reasons of
notational economy. The CF is then obtained using the expression

1
B(tr,ty) = F [exp (itlvcj(l)? ity / vc,é(r)%zrﬂ = M{(its, its),
0

where i? = —1. The precise form of M(t1,ts) is given in Theorem 1 below.

Theorem 1. The joint MGF of V. (1)? and fol Vee(r)2dr is given by

C _
M(tl,tg) = exp <—2> H(tl,tg) 1/2,
where
H (t1,t2) = hi(t1,t2) sinhy + ha(t1,t2) cosh,

v = V2 — 2ty, and hy(t1,t2) and ha(ty,t2) are functions of t1 and to of the form

4

hi = (=1)'+ 3 hijaj(ti, 1), i=1,2,
j=1



where

ai(t1,t2) = aip + ant1 + ainte, 1=1,2,3,
as(tr, t2) = a1 (t1, t2)as(tr, t2) — aa(ty, t2)?,

and the coefficients hi; (1 =1,2;5 =1,...,4) and a;; (i =1,2,3;j = 0,1,2) are defined in
Table 1.

The CF is easily derived from the MGF in Theorem 1 and has the representation
D(t1,t2) = exp <—;) H (ity, it2) /2.

The method used to derive the MGF in Theorem 1 is described as the “stochastic process
approach” in Tanaka (1996) and involves a change of measure (using Girsanov’s Theorem)
allied with the normality of the underlying OU process to evaluate the expectation of interest.
The separate MGFs of V. z(1)? and fol Ve z(r)2dr follow straightforwardly (with some further
algebra) from the joint MGF in Theorem 1.

Corollary to Theorem 1. The MGF of V. :(1)? is given by
M (t1) = M(t,0) = [1 + ¢° (ky sinh ¢ + ko coshe) t,] V2,
and the MGF of fol Vez(r)2dr is given by

My(ts) = M(0,ty) = e01=9)/2 {1 +e7 <k10 sinhy + (k11 sinhy + k21 coshy) t2

~1/2
+ (k12 sinh vy + kgo cosh ) t%)] )

where kig = hi1aio, the ki (i =1,2) and ki (i,j = 1,2) are of the form

ki = hjain + hiyas + hizas:,
kiin = hijiai2 + higaose + hyzaze + hisaioass,
2
kio = his(aizaze — a3y),

and the coefficients hi; (i = 1,2;5 = 1,...,3), hij (i = 1,2;5 = 1,...,4) and a;; (i =
1,2,3;7 =0,1,2) are defined in Table 1.

Various uses of the MGF in Theorem 1 are described in the following sections.

4. The limiting distribution of P,

The limiting distribution of P, was given in (8) and can be represented by the random
variable

1
See = (1= Vee)? +& [ Vielr)ar. (9)
0
Let m(t) = E exp(tSc,z) denote the MGF of S. ;. It follows from Theorem 1 that

m(t) = M ((1 - o), &),



and the first two moments of S,z can be obtained using

M((1 —@é)t,é?
E(Sus) = drg(t) _ dM (( o)t c°t) ’
t o dt o
2 2 1 &) &2
E(Sczé) _ d*m(t) _ d“M(( o)t, c*t)
’ dt? -0 dt? -0

Precise expressions for these moments are presented in Theorem 2.

Theorem 2. Let S,z be defined in (9). Then

1 =2
—566 (Ce_c + m1 sinh ¢ 4 72 cosh c) , (¢ #0),
E(Scf) == 1 ¢
50 (6(1-0)1 =02 +2eN* +32%),  (c=0),
2
3 c? 1. .(c 1
e (Ce_c + n1 sinh ¢ 4 72 cosh c> — —¢€f (CZe_C (1 + ))
4 c 2 c c
E<S27) — 1. c? . c?
ee) = —35¢ N3 — 2?7)2 sinhe+ [y — 2?7)1 coshe |, (c#0),
62
S (361 —2)(1 = A)? + 562A" + 126)2 + 92%) (c=0),

where 1; = 2]7-:1 mjc_j (t=1,...,4) and the n;j coefficients are given in Table 2.

The mean and variance of Sz for a range of values of ¢ from —20 to 42 are given in
Table 3. Both the mean and variance rise as ¢ approaches zero from below and then fall
slightly before increasing rapidly when ¢ exceeds unity and extends further into the explosive
region.

The CF of S.¢, denoted ¢(t) = Eexp(itSce), is obtained from the MGF by replacing ¢
with ¢t in its definition, yielding

6(t) = mfit) = M ((1 - e)it, %it) .

It can be used to derive the CDF, F(z), and PDF, f(z), of S ¢ using the following formulae:
1 1 o0 eiitqu(t)

o) —itz
2 2mi /- t 2 7 Jo n

£ = o [ e ot = — [T Refe o),

:%700

where, for a complex-valued variable z, Re{z} and Im{z} denote the real and imaginary
parts, respectively; the second expressions for F'(z) and f(z) were used in the computations
reported below.

The CDF and PDF of S.; are plotted in Figures 1 and 2, respectively, for values of
c € {—10,-5,0,2}. As c increases through this range of values the distribution can be seen
to shift to the right and become more dispersed in accordance with the values for the mean
and variance in Table 3. Selected percentage points for the same range of values of ¢ as used
in Table 3 are given in Table 4; these were computed using the bisection method described
in Tanaka (1996, p.203). Of particular relevance are the values when ¢ = 0 which are those



that would be needed under the null hypothesis of a unit root using the statistic P,. It is of
interest to compare these values with those reported in Elliott, Rothenberg and Stock (1996)
and Ng and Perron (2001) which were obtained by simulation. The 1%, 5% and 10% values
—3.9756, 5.6900 and 6.9853, respectively — obtained using the exact methods compare with
3.96, 5.62 and 6.89 obtained by the former authors and 4.03, 5.48 and 6.67 obtained by the
latter. The simulation methods appear to understate the 5% and 10% critical values with
the reported 1% values being closer to the exact value.

5. The limiting distributions of n(5, — 1) and n(fy — 5o)

~

The limiting distribution of n(fy — 1) is characterised by the ratio N.z/D.g, and the
joint MGF of the numerator and denominator, Q(61,62), can be obtained straightforwardly
from the MGF M (t1,t2) given in Theorem 1, as follows:

Q(01,02) = Elexp (61 Nez+ 02D )]
= FE {exp (021 (‘/075(1)2 - 1) + 03 /01 ch(r)%lr)]

= exp (—921> E [exp (021‘/%(1)2 40, /01 Vc’c(r)zdrﬂ

= exp (—921> M (921,02) .

The CF of N,z and D, is then given by W(61,02) = Q(i61,i02). The moments of the ratio
Nc¢z/Dec can then be obtained using

k
g Nec) _ 1 /OO gk_lakQ(ela_QQ)
Dee (E—1)!Jy 2 o0k

dfs; (10)
61=0

see, for example, Mehta and Swamy (1978) and Magnus (1986). Expressions for the first
two moments are given below.

Theorem 3. Let N.z and D,z be defined as in (6). Then the first two moments of the ratio
Ncz/De are given by

2
N,z N,z
FE (C’C> = *(11 +12), FE (l)c’c> =13+ Iy + I5,

Dc,E c,C
where
1 c o0 1
I =— —— ——df
1 2exp 9 /0 p(02)1/2 25
1 c > q(69)
I = — —_—
2T P e /0 P02

1 c o0 1
Iy = - —— 0y ———=db
3 c o0 q(92)2
Is = - —— 0 do
5= 4 XP 9 /0 2p(02)5/2 2



p(02) = p1(62) sinh /2 + 2605 + pa(02) cosh /¢ + 205,
q(02) = q1(02) sinh /2 + 265 + q2(02) cosh /¢ + 205,

and fori=1,2,

4 4
pi= (1" +> hija;(0,—602), ¢ = hi

)
j=1 j=1 961 01=0

the hij and a; coefficients being defined in Theorem 1 and Table 1.

The means and variances of N, z/D, ¢ are provided for a range of values of ¢ in Table 5;
in all cases ¢ = —13.5. It can be seen that the mean increases with ¢ apart from a slight fall
around ¢ = 0 while the variance falls with ¢ apart from a small increase around ¢ = 0.

The CDF of the ratio N.z/D.z can be obtained using a result of Gurland (1948), in
view of Pr(D.z < 0) =0, as follows:

G(z) = lim Pr (n(BO—l) <z) _ 11 /oo Mdgl

n—o0 2 % —00 01

1 1 > Im {‘1’(91,—912)}
5 ;A 01 d917 (11)

U(6;,62) being the CF of N,z and D defined earlier. Furthermore, the PDF can be
obtained either by computing another integral of the form
d 1 [ 0¥(6y,069)
L= L [T 2ot
96 = ZOE =500 | an,
or by numerically differentiating the CDF using

ooy = G+ h})L — G(2)

for some small value of h; see Tanaka (1996, p.197). The latter approach avoids issues

dbn,
Oo=—012

involved with the integration of a further derivative of the CF and follows straightforwardly
once the integral in (11) can be computed. The results for the PDF reported below were
obtained with A = 1075, Figures 3 and 4 depict the CDF and PDF, respectively, for the same
range of values of ¢ as were used in Figures 1 and 2. It can be seen that as c increases in value
the distribution shifts to the right and becomes less dispersed which is in accordance with
the computed values for the mean and variance in Table 5. In addition, selected percentage
points of the distribution for a range of values of ¢ are given in Table 6. Of particular
relevance for unit root testing are the entries for ¢ = 0 which could be used as critical values
for testing for a unit root using the statistic n(Bo —1).

Results for the limiting distribution of n(Bo —Bo) follow straightforwardly from the above
results. As noted at the end of section 2

A NCE
n(/BO - /80) = Dc:E —C,

and hence the CDF, Gy(z), can be obtained from G(z) as follows:
Go(z) = Jim_Pr (n(BO — bo) < z) = lim Pr (n(Bo —1)—c< z) =G(z+c).

Similarly, the PDF, go(z), satisfies go(z) = g(# + ¢). The CDF and PDF are depicted in




Figures 5 and 6, respectively, for the same values of ¢ as were used in Figures 1-4. The
curves in Figures 5 and 6 are closer together than those in Figures 3 and 4 owing to the
horizontal translation by an amount equal to —c.

6. Discussion and concluding comments

The results presented in the preceding sections are potentially of use whenever certain
calculations concerning the limiting distributions are required. One such possible application
is in the comparison of the asymptotic power of the two statistics, P, and n(Bo —1), in testing
for a unit root. For example, in the case of P,, let z, denote the a-percentage point of the
limiting distribution when ¢ = 0 i.e. under the null hypothesis of a unit root; when o = 0.05
this value can be seen from Table 4 to be zy g5 = 5.69. Then the power of the size-a test for
testing the null against stationary alternatives is given by computing F'(z,) for ¢ < 0 using
the expression in section 4; a similar procedure for the statistic n(Bo — 1) can be followed
using the expression for the CDF in section 5 allied with the critical value obtained from
Table 6. The results of such a power comparision of F,, and n(Bo — 1) are given in Table 7
for values of a corresponding to 1%, 5% and 10% level tests. Both tests have broadly the
same power although n(Bo — 1) tends to have slightly higher power than P, particularly for
values of ¢ furthest from zero; however, the differences cannot be said to be large.

As mentioned in section 2 another important test statistic, and one that is widely used
in practice, is the t-ratio of the parameter [y in the ADF regression (5). The moments of
the limiting distribution of the t-ratio, given by Nz/\/De.z, can be computed using

E Néé — 1/00 01771 akQ(alv_HQ)
Db, L) Jo 2 o0k

see Meng (2005, Lemma 1). Obviously, when b = k is integer, this expression coincides with

dba; (12)
0,1=0

(10). The following integrals define the first two moments of interest.

Theorem 4. Let N.z and D,z be defined as in (6). Then the first two moments of the ratio
Nc@/Di’/g are given by

Nece * * N27 * * *
E(ch/cz> =-—(I{ + 1), E(DZ;) =1I3+1; + I,
c,C ’

where

II = fexp <—>/ 0_1/2 1/2d92,

« 1 c —172 q(62)
12:2exp<—2)/0 03

I3 =1, I = (1/2)11,

* 3 c o (02)
I = 4eXp< 2)/0 (92)5/2d02’

and the functions p(02) and q(02), and integrals Iy and I, are defined in Theorem 3.

Note that numerical computation of the first moment has to deal with an additional



singularity at the origin introduced by the component 6, /2 The means and variances of
N¢z/\/De; are given in Table 8. It can be seen that the mean remains negative over the
range of values of ¢ considered and rises with ¢ while the variance also rises with ¢ apart
from a small fall around ¢ = 0.

Computation of the PDF and CDF of { are also not as straightforward as in the case for
n(By—1), the reason being that it is /D¢, appearing in the denominator of the distribution
rather than D, itself. If the joint MGF/CF of N,z and \/D.; were known then the
expression in (11) would apply equally well here for the CDF. Unfortunately, this is a difficult
function to derive and the methods used to obtain Q (61, 62) do not appear to be well-suited
to this task due to the presence of the square root term. An alternative approach proceeds
in two steps. The first step is to use the CF W(61,63) to derive the joint PDF of N.: and
D, ¢ using a Fourier inversion of the form

1 o0 [ee] .
hwy) = /_ /_ exp{—i(612 -+ 02y) VU (81, 0)d0: dbs.

This PDF can then be used in the second step to derive the PDF of the ratio N.z//Dce
using the expression

ne) = [ Vabeva

1 (o] o (o] .
_ b /0 i / / exp{—i(6121/7 + Oay) U (81, 02)d6, dBsdy;

472

see, for example, Abadir and Rockinger (1997, p.1221). In the case of no detrending Abadir
(1995) has used this type of expression to derive closed form analytical expressions for the
relevant PDF and CDF, although in the present case, where the CF is of a rather more
complicated form, such an outcome appears not to be feasible. The alternative is then to
attempt numerical integration, which for the PDF h(z) requires three-fold integration, while
the CDF requires a further integration:

H(z) = Pr(to<z)= /_z h(w)dw

1 z oo oo [e.9] .
= m/ /0 \/g/ / exp{—i(61w\/y + O2y) } ¥ (61, 62)db1dO2dydw.

Given the nature of the function to be integrated this would appear to be a particularly
challenging computation to attempt and great care would need to be given to the potential
(in)accuracy of the result.

10



Appendix A. Proofs
Proof of Theorem 1. The MGF of interest is

1
M(t1,t2) = E {exp <t1VC,E(1)2 + tQ/ chc)] )
0

Using the dependence of V. z(r) on W,(r) it is straightforward, but somewhat tedious, to
show that

1 1
t1%75(1)2—|—t2/ Vi = d1Wc(1)2+2a2Wc(1)/ sW,(s)ds
0 0

1 2 1
+as (/ ch(s)ds) + tz/ We(s)?ds,
0 0

where a; = (1 — )\)2t1 + ()\2/3)t2, as = —3(1 — )\)2t1 — )\2t2 and a3z = 9(1 — )\)Qtl — 3(1 — )\Q)tg.
Now consider the auxiliary Ornstein-Uhlenbeck (O-U) process Y (t) given by

dY (t) = vY (t)dt + dW (t), Y(0) =0,

and let py be the measure induced by Y. The measures puy and pyw,, the measure induced
by W, are equivalent and, by Girsanov’s Theorem (see, for example, Theorem 4.1 of Tanaka,
1996),

dp, 1 (2 —~2) [l
aall (x) =exp ((c— ’y)/o z(s)dx(s) — T’Y/o x(s)2d3>

is the Radon-Nikodym derivative evaluated at x(t), a random process on [0, 1] with z(0) = 0.

The change of measure will be used because, for some functional f(-),

E(f(W.) = E (f<Y>‘fof<Y>) ,

which will enable the term involving fol W2 to be eliminated from the MGF. The expression
of interest becomes

M(ti,t2) = E {exp [alY(1)2 + 2a2Y (1) /01 sY (s)ds + as (/01 sY(s)ds)

2 _ A2
o /OIY(S)QdS—I—(C—’y) /OlY(s)dY(s) _ (Q'V)/OIY(S)%H.

But fgl Y (5)dY (s) = (1/2)[Y(1)? — 1]; making this substitution yields

2

M(t1,t2) = exp (— (c ; ’Y)) E {exp [alY(1)2 + 2a9Y (1) /01 sY (s)ds
2

+as (/01 sY(s)ds) + 752—(022—’72) /01 Y(S)st] } :

But the parameter v is arbitrary, and so we can set 7 = v/c?2 — 26, so as to eliminate the
term fol Y2, thereby obtaining

M(t1,ts) = exp <_(c—2’y)> E [exp (w’Aw)} ,

11



where

Y (1) a
= 1 A: 1 a2 = a C;
v (/sY(s)ds)’ <a2 a;;)’al ay+ 2
0

Lemma B1 establishes that w ~ N(0,€Q) and so it follows that
E [exp(w'Aw)] = |I3 — 20A| 71/

where I5 is the 2 x 2 identity matrix and | - | denotes the determinant of a matrix. Then

c —
M(tl, tQ) = exp (—2) H(tl, tg) 1/2,
where H (t1,t2) = exp(—y)|l2 — 2Q2A|. Some algebra establishes that
|[Io —2QA| =1 — 201w? — 4asp — 2a3s® + day|Q,

where a4 = |A| and w?, p and s? are the elements of {2 whose definitions can be found in
Lemma B1. Taking the product of e~ and |Iy — 2QA] yields, after some manipulations, the
expression for M (t1,t2) in the Theorem. O

Proof of Corollary to Theorem 1. First note that
Mi(t1) = M(t1,0) = e%2H(t,0)~ /2

and that v = ¢ when ty = 0. Furthermore, H(t1,0) = hi(¢1,0) sinh ¢ + ha(¢1,0) cosh ¢ while
ai(t1,0) = apnty (i = 1,2,3) and aq(t1,0) = 0. Letting hf; (i = 1,2;j = 1,2,3) denote the
corresponding h;; coefficients evaluated at to = 0 (and hence at v = ¢) it follows that

hi(tl,O) = (—1)i + ( flan + h§2a21 + h§3a31)t1 = (—1)i + kit1, 1=1,2.

The result for M (t1) follows by substituting the above expressions into H(¢1,0) and noting
that coshc — sinhc¢ = e™¢. The derivation of Ma(t2) follows in a similar fashion by noting
that

My(ta) = M(0,t3) = e 2H(0, 1)~ /2

and that H(0,t2) = h1(0,t2)sinhy + ha(0,t2) cosh~y. It is possible to show that hy(0,t2) =
—1 4 k1o + k11te + k12t3 and ho(0,t2) = 1 + kojto + koot3. The result follows by substition
and noting that coshy —sinhy =e™7. O

Proof of Theorem 2. First note that

m(t) = M (1= )t %) = exp (—g) H((1 = &)t 224)~1/2

and so
I = g ¢xp < 2> H((1—e¢)t,ct) o ,

which needs to be evaluated at ¢t = 0. From Theorem 1
H(tl, tg) = hl(tl, tg) sinhv + hg(tl, tQ) COSh’)/,

where v = v/c¢? — 2ty. The condition ¢t = 0 equates to t; = to = 0 and so immediately we
find that v = ¢ in this case. The quantities h; and hs are linear functions of a, ..., a4, all of
which are zero when ¢ = 0 and v = ¢ and so it follows that h;(0,0) = —1 and hg, (0,0) = 1.

12



Combining these results yields
H(0,0) = hy1(0,0)sinh ¢ + h2(0,0) cosh ¢ = cosh ¢ — sinh ¢ = exp(—c).
Differentiating H(-,-) with respect to t we find that

dH((1—e@)t,c*t) dhy . dsinhvy  dhg d cosh
= ——sinh h ——= cosh .
dt g Sy g gy coshy by

For ¢ = 1,2 we have

dhij 4.d%}
dt dtzh”aj ;{ dt J+h”dt '

But, as the a; = 0 when ¢ = 0 we can ignore the first components and therefore concentrate
on their derivatives. Note that

aj((l — E)t, E2t) = ajo + ajl(l — E)t + CLjQEQt

and so
da; daig 9
7; = d; + ajl(l ) + ajoc”.

Now agg = agp = 0 while aj9 = (¢ —7)/2 and so

daig . 1dvy . 2

.  2dt 2y
in view of dy/dt = —2/v. It then follows that

day c? _ 5  C2N?
e TR | L
e LR A
day - 2 2242
— = 31 -)-=XN*"—=2cA
- (1= o)1= 02 -2,
d
% = 9(1—2)(1—\)2—33(1 - \?),
day day das das
T T wetary g =0
Evaluating the h;; at v = ¢ and using the above results yields (after some simplification)
dhy 2 52 5 C2N? 4 5 9.9
1 1 1 - 2 2 2
+6(362+c4—c5> (31— )1 = N2 = 21— A2)).
dhy 2 _ 9 9

—6 <013 ! ) (31 -9 -2 =21 -2?).

We also need
dsinhy  dsinh~y dvy 2
= ——cosh,

dt_dfyazc

dcoshy  dcosh~ydy &2 L
= — = ——sinh~,
dt dy  dt ¢ oY

13



both evaluated at ¢ = 0, to obtain

dH dh &2 dh &2
Et:o = d—;sinhc+%coshc+d—;coshc—%sinhc
62

= —e “+mysinhc+ o coshe,
c
where n; = dh;/dt (i = 1,2); the form of the 7; given in Table 2 is derived from the expressions
given earlier in terms of inverse powers of c. It then follows that

—3/2 AH
dt

1 —C —C
E(Seq) = —5e 2(e7°)

1, (& _. _
=——¢°[ —e 4+ msinhc+ n2 coshe
c

=0 2

as required (for ¢ # 0). Care has to be taken when ¢ = 0 because the 7; are expressed in
terms of inverse powers of ¢. However, closer inspection of the terms of the products 7; sinh ¢
and 7 cosh ¢, allied with the expansions

C3 C5 2 C4

sinhc:c+§+g+..., coshc:1+%—|—z+...,

yields the expression stated in the Theorem.

Turning to the second moment, a further differentiation of m(t) yields

Pm(t) 3 . s a—sy2 [(AH((1=2)t,E%) :
ol H((1—¢)t,ct) o
1 2 d?H((1 —@)t,c%t)
_—,—c/2 2\ A224\—3/2 )
5¢ H((1-o)t,ct) 75 :

The second derivative of H(-,-) is given by
d’H d’h

_ L ginh 4+ 2% dsinhy d?sinh vy
a2 ae T T a e
d?hy dho d cosh vy d? cosh vy
sh 2—= h .
T R A T P e

When t = 0 the second derivatives of sinhy and cosh~ are equal to
d?sinhy & ( he o Yeost > d? cosh y a4<
————— = — | sinh¢ — —coshe —_— =
dt? 2 c ’ dt? 2
while the second derivatives of h; and hy take the form

d?h; [ d2hy dhij da; d%a;
i Yo+ 2— 0y p =T ;= 1.2).
at? ;( a2 g g Thige ) =12

1
cosh ¢ — — sinh c) ,
c

Calculation of the appropriate derivatives ultimately results in

d%hy A | 1 L (1 8 _ 9 . 9.\2

W - —30j+86A <303+05>—4C (034—65)(3(1—6)(1—)\) +C)\)
o1 5 5} _ _

d2h2 & . 2, 2y2, 1o 4

— 48 <Cl5 - Cl4> (31 -1 -2 =21 -2?).
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Combining all these results and evaluating at ¢ = 0 yields the expression in the Theorem for
¢ # 0. The expression for ¢ = 0 is obtained by analysing appropriate expansions in ¢ and
showing that all those with negative powers cancel out. O

Proof of Theorem 3. From the definition of Q(61,62) we obtain

8@(91,92) 1 91 +c ~1/2
— = = —— - H(61,0
96, 2eXp< 2 ) (61,62)
1 01 +c _3/26H(91,02)
2 €xp < 92 > H(alv 92) 691 :
Partial differentiation of H (6, 6s) yields
0H(0,,02) Ohy . Ohs
———— =~ = ——ginh —= cosh
50, 50, sinh vy + 90, cosh v

where Oh; /061 = Y _, hij0a;(61,02)/06;. Hence

H (61,0
6(80}72) =q1 (92) sinh \/m + q2 (02) cosh \/m
1 01=0

where the ¢; are defined in the Theorem. Also
H(O, —92) = hl(O, —92) sinh v/c2 + 209 + ho (0, —02) cosh v/ c2 + 205
= m (92) sinh v/ ¢c2 + 205 + p2(92) cosh v/ c2 + 204

where the definition of the p; is obvious. Setting k¥ = 1 in (10) and using the above expressions

yields the result for the first moment.

Turning to the second moment, setting k£ = 2 in (10), we need to find

5 exp (— b X C) H(o:, 92)3/25”{290}1792)
+§ exp (— 4 - C) H(61,6,)5/2 {Wr
_% - (_912+c> H(el,ez)‘?’/QW-

The components of the first three terms have been derived above, so we therefore need

0?H(01,02)  0%hy 0?%hy

262 = o962 smh’y+87€%cosh’y:0
upon inspection of the relevant derivatives when evaluated at 61 = 0 and 63 = —65. The
second moment is, therefore, the sum of the integrals of the first three terms which are
defined in the Theorem. O

Proof of Theorem 4. This follows straightforwardly from (12) using the derivatives derived
in the proof of Theorem 3. u
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Appendix B. Supplementary result

Lemma B1. Let Y (t) satisfy dY (t) = vY (t)dt + dW (t), where W (t) is a Wiener process
on C[0,1] and Y (0) = 0. Then the vector

Y (1)
w = 1 ~
(/0 sY(s)ds) N, &),

and its elements are defined by
5 e —1 627(1 1>+(1+1>
w = , pP=—|—— — _ — ),
2 2v \v 292 293

Y (S T D M
- 273 74 275 372 273 275'

Proof. The process Y (t) has the solution Y (¢) = [7 e")7dW (r) and hence E[Y (t)] = 0
for all t. Setting ¢t = 1 it then follows that

W = E[Y(1)] = E </1 e(l—r)wdw(,r))Q _ /01 Q20 gy

0

e2r — 1

2y

as required. From the above solution we obtain
1 1 s 1,1 1
/ sY (s)ds = / 3/ eCTIYAW (r)ds = / s/ eV AW (r)ds = / v(r)dW (r),
0 o Jo rJo 0
where v(r) = e [ se®Vds. Clearly E[tY (t)] = 0 while the variance of fol sY (s)ds is equal
to 52 = fol v(r)2dr. Some tedious algebra establishes that s has the stated form. Finally
we need an expression for

1 1
p=E [Y(1)/0 sY(s)dS] _ /0 E[Y(1)sY(s)] ds.
For t < 1 we have tY (t)Y (1) = t [ e 7dW (r) fol e1=9)7dW (s) and so

t t 1
E[tY(t)Y(1)] = E[t / AW (r) ( / e1=7aw (s) + / e(l_s)VdW(s)ﬂ
0 0 t
t Y
= t/ e(t+1_2r)”’dr:€—tsinht7.
0 Y

The required integral is therefore fol tsinh tydt. Using (2.473.1) of Gradshteyn and Ryzhik
(1994) we find that
coshy sinh~y

2
and hence p = (¢7/4%)(coshy — v~ !sinh~y) which can also be written in the form in the
Lemma by recalling that coshy = (e?” + e77)/2 and sinhy = (7 —e~7)/2. O

1
/ tsinh tydt =
0

1
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Appendix C. Computational details

Computations based on the CF ®(t1,t2) and other related functions involve the square
root of the complex-valued function H (ity,it) which is defined in Theorem 1. Care must be
taken when computing such square roots as most software computes the principal value that
can lead to discontinuities in the function. The approach adopted here to ensure continuity
of the real and imaginary parts of the square root function follows the method outlined
in Tanaka (1996, p.183) which proceeds by first computing the CF at the origin and then
checking the bahaviour of the function when avaluated at successive small increments. An
alternative (but essentially equivalent) method was used by Perron (1989).

The integrals used to compute the first two moments of the ratio N ¢/ D, ¢ in Theorem 3
and of N,/ Di{g in Theorem 4 were computed using the change of variable z = (¢4 265)'/2.

For example, the integral I; becomes

I = %exp (—;) /COO (@2 _iQ)/Q)l/zdx

where p((z2 — ¢?)/2) = p1((2? — ¢?)/2) sinh x + po((2? — ¢?)/2) coshx. The upper limit for
these integrals was chosen as the value of x for which the modulus of the integrand was less

than 1 x 1078, For the integrals used to compute CDFs and PDFs the range of integration
was taken as [e,U] with e = 1 x 1078 and U determined as in Perron (1989, p.254). All
numerical integration was carried out using Romberg’s method which, as a by-product,
enables a measure of accuracy of the final value to be determined from the last step in the
approximation. For example, the largest absolute error of the integrals used to construct
Table 5 was 4.16 x 10710, As a further accuracy check the integrals were also computed
using Simpson’s method and the results were verified.

17



References

Abadir, K.M., 1995. The limiting distribution of the ¢ ratio under a unit root. Econometric
Theory 11, 775-793.

Abadir, K.M., Rockinger, M., 1997. The “Devil’s horns” problem of inverting confluent
characteristic functions. Econometrica 65, 1221-1225.

Elliott, G., Rothenberg, T.J., Stock, J.H., 1996. Efficient tests for an autoregressive unit
root. Econometrica 64, 813-836.

Gradshteyn, 1.S., Ryzhik, .M., 1994. Table of Integrals, Series, and Products (Fifth Edition).
Academic Press, San Diego.

Gurland, J., 1948. Inversion formulae for the distribution of ratios. The Annals of Mathe-
matical Statistics 19, 228-237.

Magnus, J.R., 1986. The exact moments of a ratio of quadratic forms in normal variables.
Annales d’Economie et de Statistique 4, 95-109.

Mehta, J.S., Swamy, P.A.V.B., 1978. The existence of moments of some simple Bayes
estimators of coeflicients in a simultaneous equation model. Journal of Econometrics 7,
1-14.

Meng, X.-L., 2005. From unit root to Stein’s estimator to Fisher’s k statistics: If you have
a moment, I can tell you more. Statistical Science 20, 141-162.

Ng, S., Perron, P., 2001. Lag length selection and the construction of unit root tests with
good size and power. Econometrica 69, 1519-1554.

Perron, P., 1989. The calculation of the limiting distribution of the least-squares estimator
in a near-integrated model. Econometric Theory 5, 241-255.

Phillips, P.C.B., 1987. Towards a unified asymptotic theory for autoregression. Biometrika
74, 535-547.

Phillips, P.C.B., Perron, P., 1988. Testing for a unit root in time series regression. Biometrika
75, 335-346.

Tanaka, K., 1996. Time Series Analysis: Nonstationary and Noninvertible Distribution
Theory. Wiley, New York.

18



Table 1
The coefficients in Theorem 1 and its Corollary

) hil hiQ hz‘3
2 4 1 1 1
2 ferd)
gl ok 312 Tyt A 3
4 1 1 1
2 0 —= —2 ( — 4)
g 3%
) a;o a1 ai2
1 le—7)  @1-A? L
2 0 —3(1 — \)? -\
3 0 9(1 — \)? —3(1 - \?)
¢ hi hi, his
2 4 1 1 1
1 —— — 2 — +— — —«
c c3 (302 ct c5>
4 1 1 1
2 —— 2 ==+ —-—
0 c? <302 + c3 c4>
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Table 2
The coefficients in Theorem 2

J 1) 72j 135 N4j

1 ~2g 0 -4 (91 - %zﬂ‘*) 0

2 2 (g - %52) 293 0 0

3 —4q; —6gy  —4c> (gl — %62)\4) 0

4 6o 6gs 1282 (92 - 552) 1622 (91 il - )\2))
5 —6gs 0 —322 (gl - 55%4) 4832y

6 0 0 6022 g9 4822 g9

7 0 0 —60¢2¢gs 0

Note: g1 =3(1—2)(1 = AN)2+&2X\2, go =3(1 —2&)(1 — \)? —2(1— %)
and g3 = 3(1 —&)(1 — \)? + (1 + \2).
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Table 3
Means and variances of Sz

fore=—-13.5
c Mean Variance
—20.0 4.3113 1.8740
—10.0 7.6733 10.9986
—5.0 12.2591 48.3724
—2.0 17.6668  154.4212
—1.0 19.6251 214.1051
—0.5 20.3058  237.3413
0.0 20.5662  245.4562
0.5 20.3166  233.4255
1.0 20.0035 217.2866
2.0 34.9408 1196.8373
Table 4
Percentage points of S.z for ¢ = —13.5
c 0.01 0.05 0.10 0.50 0.90 0.95 0.99
—20.0 2.0289 24780 2.7633 4.1015 6.1273 6.8608 8.4666
—10.0 2.7698 3.5967 4.1622 7.0126 12.0214 14.0193 18.5015
—5.0 3.3943 4.6316 5.4914 10.5484 21.1692 25.7770 37.2201
—2.0 3.8232 5.3954 6.5555 14.1492 33.1657 42.1791  66.1949
—1.0 3.9305 5.6011 6.8544 15.3280 37.7705 48.6688  78.3244
—0.5 3.9635 5.6660 6.9499 15.7249 39.4042 50.9817  82.7480
0.0 3.9756 5.6900 6.9853 15.8750 40.0304 51.8768  84.4433
0.5 3.9640 5.6669 6.9513 15.7310 39.4304 51.0193  82.8208
1.0 3.9476 5.6353 6.9052 15.5455 38.6855  49.9640  80.8151
2.0 4.2962 6.4318 8.1519 22.7660 77.8535 106.9800 208.8539
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Table 5
Means and variances of
NC,E/-DQE fore=—-13.5

c Mean Variance

—20.0 —24.1340 56.8631
—10.0 —14.4969  38.2772
-5.0 —9.9330  29.9027
-2.0 —7.6137  26.0755
—-1.0 —7.0848  25.3166
-0.5 —6.9238  25.1033
0.0 —6.8648  25.0286
0.5 —6.9213  25.1021
1.0 —6.9929  25.2712
2.0 —4.8549  25.4507
3.0 —0.6006 18.8752
4.0 1.6832 9.4307
5.0 2.8293 4.2145

Table 6
Percentage points of N.z/D.¢ for ¢ = —13.5

c 0.01 0.05 0.10 0.50 0.90 0.95 0.99

—20.0 —46.3421 —-38.0513 —34.1640 —-23.0867 —15.4533 —13.7906 —11.1524
—10.0 —=33.6978 —26.1695 —22.7289 —13.4120 —7.6697 —6.5295 —4.8175
-5.0 —27.6011 -20.4199 -—17.1956 —8.8069 —4.1406 —3.2949 —2.0746
—2.0 —24.5493 —17.5098 —14.3820 —6.4524 23766 —1.6871  —0.6995
—-1.0 -—23.8758 -—16.8604 —13.7504 59136 —-1.9676 —1.3112 —0.3738
—-0.5 -—23.6744 -16.6653 —13.5602 —5.7495 —1.8410 —1.1940 —0.2718
0.0 -23.6014 -16.5945 —13.4910 —5.6895 —1.7941 —1.1505 —0.2337
0.5 -—23.6716 —16.6626 —13.5575  —5.7470 —1.8387 —1.1916 —0.2694
1.0 -23.7737 —-16.7601 —13.6517 —5.8222 —1.8822 —1.2251  —0.2855
2.0 -—21.7352 —14.6888 —11.5655  —3.6464 0.2361 0.7907 1.5616
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Table 7
Asymptotic power of P, and n(fy — 1)

a=0.01 a=0.05 a=0.10

c P, nfo—1) P, nBo—1) P, n(Bo—1)
—20 0.4602  0.4717  0.8519  0.8542  0.9557  0.9568
—~19 0.4082  0.4187  0.8126  0.8159  0.9370  0.9380
~18 0.3579  0.3673  0.7675  0.7689  0.9126  0.9133
—~17 0.3101  0.3185  0.7170  0.7178  0.8817  0.8821
—16 0.2654  0.2728  0.6618  0.6622  0.8440  0.8439
—15 0.2245  0.2309  0.6032  0.6031  0.7991  0.7985
—14 0.1876  0.1930  0.5424  0.5419  0.7475  0.7465
—~13 0.1549  0.1595  0.4810  0.4802  0.6900  0.6885
—12 01257  0.1303  0.4217  0.4195  0.6272  0.6260
—~11 0.1017  0.1053  0.3631  0.3613  0.5623  0.5607
—10 0.0814  0.0842  0.3082  0.3068  0.4963  0.4945
—9 0.0645 0.0666 0.2581  0.2569  0.4312  0.4294
—8 0.0507  0.0524  0.2133  0.2125  0.3690  0.3674
—7 0.0396  0.0409  0.1743  0.1738  0.3113  0.3099
—6 0.0308  0.0318  0.1412  0.1408  0.2594  0.2583
5 0.0240  0.0247  0.1136  0.1135  0.2141  0.2133
—4 0.0188  0.0193  0.0914  0.0914  0.1759  0.1754
-3 0.0150  0.01563  0.0741  0.0741  0.1450  0.1447
—2 0.0123 0.0124 0.0614 0.0614 0.1215 0.1214
—1 0.0106  0.0107  0.0531  0.0531  0.1059  0.1059
0 0.0100  0.0100  0.0500  0.0500  0.1000  0.1000
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Table 8
Means and variances of

Nez/\/Deg for ¢ = —13.5

c Mean Variance

—20.0 —3.3975 0.3499
—10.0 —2.5898 0.3538
-5.0 —2.0913 0.3889
—-2.0 —=1.7717 0.4489
—-1.0 —1.6867 0.4745
—-0.5 —1.6597 0.4832
0.0 —1.6559 0.4659
0.5 —1.6592 0.4836
1.0 —1.6690 0.4848
2.0 —1.1582 0.9326
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Figure 4. PDF of Limit Distribution of n(3y — 1)
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Figure 5. CDF of Limit Distribution of n(8y — 5o)
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Figure 6. PDF of Limit Distribution of n(5y — o)
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